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ABSTRACT PAGE
We present new models of particle physics beyond the Standard Model. These models include
extensions to the ideas of extra dimensions, deconstruction, supersymmetry, and Higgsless
electroweak symmetry breaking.
Besides introducing new models and discussing their
consequences, we also discuss how galaxy cluster surveys can be used to constrain new physics
beyond the Standard Model.
We find that an ultraviolet completion of gauge theories in the Randall-Sundrum model can be found
in a deconstructed theory. The warping of the extra dimension is reproduced in the low energy
theory by considering a general potential for the link fields with translational in variance broken only
by boundary terms. The mass spectrum for the gauge and link fields is found to deviate from the
Randall-Sundrum case after the first couple modes. By extending this model to a supersymmetric
theory space, we find that supersymmetry is broken by the generation of a cosmological constant.
Unless the theory is coupled to gravity or messenger fields, the spectrum remains supersymmetric.

We also present a hybrid Randall-Sundrum model in which an infmite slice of warped space is added
to the extra dimension of the original theory. The hybrid model has a continuous gravitational
spectrum with resonances at the Kaluza-Klein excitations of the original orbifolded model. A
similar model is considered where the infinite space is cutoff by the addition of a negative tension
brane. SU(2)L x SU(2)R x U(l )s-L gauge fields are added to the bulk of our hybrid model and we fmd
that electro weak symmetry is broken with an appropriate choice of boundary conditions. By varying
the size of the extra dimension, we find that the S parameter can be decreased by as much as 60 %.

Finally we review models of structure formation and discuss the possibility of constraining new
physics with galaxy cluster surveys. We find that for a large scatter in the luminosity-temperature
relation, the cosmological parameters favored by galaxy cluster counts from the 400 Square Degree
ROSAT survey are in agreement with the values found in the WMAP-3 year analysis. We explain
why X-Ray surveys of galaxy cluster number counts are insensitive to new physics that would
produce a dimming mechanism.
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CHAPTER!
Introduction: The Standard Model and
a Need for New Physics
There are four known fundamental interactions that describe our universe: strong,
weak, electromagnetic and gravitational. Three of these forces (strong, weak and electromagnetic) are described by the Standard Model of Particle Physics. Gravity is described by General Relativity and is the main component of the Standard Model of Cosmology. Before presenting extensions to the Standard Model of Particle Physics (SM),
we review the currently accepted Standard Models of Particle Physics and Cosmology.
In particular, we review the Higgs mechanism that breaks electroweak symmetry down
to the electromagnetic and weak interactions. After the review, we introduce the hierarchy problem in the SM and discuss why new physics is expected to appear in future
experiments. This motivates the extra dimensional models we present in later chapters
that are designed to either solve the hierarchy problem or to break electroweak symmetry without the need of a higgs boson. We also review the Standard Model of Cosmology since we study how galaxy cluster surveys can be used to constrain new physics in

1

Chapter 3.

1.1

The Standard Model of Particle Physics
The Standard Model of Particle Physics is the theory of fundamental interactions

between elementary particles. These interactions are viewed as exchanges of excitations
in a relativistic quantum field [1]. Quantum field theory (QFT) was first applied to
the U(1) gauge invariant theory of electrodynamics (QED) in the 1940's by Feynman,
Schwinger, Dyson, and Tomonaga [2]. By the late 1970's, QFT was used to describe
both the strong and the unified weak and electromagnetic interactions. The SM is a QFT
with gauge structure SU(3)c x SU(2)L x U(l)y, where C stands for color, L stands for
left-handed, andY stands for hypercharge. The strong sector (SU(3)c) acts between
quarks that have a charge called color, while the electroweak sector (SU(2)L x U(l)y)
is spontaneously broken to the weak force and the electromagnetic force that acts on
particles with a non-zero charge Q

= I3L

+ Y /2 (I3L is the third isospin component of

SU(2)L andY is the hypercharge).
The SM is defined by writing down the lagrangian that contains all renormalizable
terms that are gauge and lorentz invariant. To build gauge invariant terms, we need
to know how the fields transform under the SM group. Define a unitary operator U =
exp (-iT(;; ea /2) for the gauge group G with generators T(J 1 • The SM contains ferrnions
that transform under the fundamental representation as 1/J
transform under the adjoint representation as A 11

---+

---+

U 1/J, gauge bosons that

U A 11 u- 1

-

~ ( 811 U)

u- 1 , and a

complex scalar SU(2)L doublet. The SM ferrnions are listed in Table 1.1 along with their
charges. There are also eight gluons (corresponding to the eight generators of SU(3)c),
three

wa bosons (corresponding to the three generators of SU(2)L), and one B boson

1
For SU(3) the generators are the Gell-Mann matrices (.\a) and the structure constant is denoted rbc.
For SU(2) the generators are the Pauli matrices (O"a) and the structure constant is tabc.

2

TABLE 1.1: The Standard Model Fermions. The Standard Model Fermions with their
charges under the SM gauge group. The fermions are seperated into left-handed (7/JL =
~(1 - 1 5 )7/;)) and right-handed (7/JR = ~(1 + 1 5 )7/;)) fields. The SU(3)c designations are
a 0 if the particle transforms in the fundamental representation or a 1 if the particle transforms
as a singlet. The electric charge is given by Q = ! 3 L + Y /2 and all particles have a corresponding antiparticle with opposite electric charge. The charge designations are repeated for
two additional families (v'"', J.t, c, s) and (vr. T, t, b).

SU(3)c
lie

y
-1
-1

I3L

1 1/2
1 -1/2
1
-2
0
0
1/2 1/3
0 -1/2 1/3
0
0 4/3
0
0 -2/3

L

eL
eR
U£
dL
UR
dR

(corresponding to the generator of U(1)y ). Defining the gauge couplings of SU(3)cx
SU(2)L x U(1)y to begs, g, and g' respectively, the allowed langrangian densities are
[3]:

(a) the kinetic terms for the gauge fields

-~ca
4

where

(G~,

caJ.LV-

J.LV

w;, B~-')

~wa
4

J.LV

G~v =a~-' G~- 8v G~

waJ.LV-

~B
4

BJ.LV
J.LV

+ 9s rbc ct G~,

l

(1.1)

(1.2)
(1.3)
(1.4)
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(b) the kinetic terms for the fermions ('ljJ)

'ljJ t ,./ i ~~ D ~ 'ljJ,

LK,,p

D~ =a~- i 9s A· G~- i g T · W~- i g'

where

{
{

y

2 B~,

>../2 if 'ljJ transforms as a fund. under SU (3)

A

(J

-

(1.6)

(1.7)

if 'ljJ is a singlet

0

T

(1.5)

/2 if 'ljJ transforms as a fund. under SU(2)

(1.8)

if 'ljJ is a singlet

0

(c) the Higgs doublet ( ¢) terms

(1.9)

D~

where

=

a~

.
.
't
't I
--ga·W
--g
2
~
2 B ~'·

(1.10)

(d) the Yukawa couplings (written below for only the first family)

·where

(1.13)
(e) and the theta term for QCD

£

()

= eQCD

32n2

E

~vpa G G
~v

pa.

(1.14)

Explicit mass terms for both the fermions and the gauge bosons are not allowed by gauge
invariance. However, notice that the Higgs potential, which is invariant under SU(2)L
x U(l)y, can acquire a nonzero vacuum expectation value (vev) that, when expanded
about, spontaneously breaks the symmetry (SSB) to U(l)EM· This occurs when

< ¢t ¢ >= I.J?j>..4

v2.

(1.15)

With a convenient gauge choice (called the unitary gauge), we easily see how SSB can
give mass to the gauge bosons. Expanding about the vev chosen to lie in the lower
component of ¢, notice that the scalar field kinetic term becomes

(1.16)

where we have used the fact that the hypercharge of ¢ must be 1 in order to make the
lagrangian invariant under U(1 )y. The 'T1 field (called the Higgs boson) obtains a kinetic
term and the v 2 term gives
2

~ {9 2 { (W~? + (w;) 2 } + (g
I.e. mass to the linear combinations

g' B 11 )1

A/1

=

Jg

(g'

2

+ g' 2

w;

=

w;- 9' B J

(W~ =f i

2

1

w;) I J2 and z~

v'2

w; + g B J1) I J g

t 1 0 eR

eL

+

(gW!-

which are the weak gauge bosons. The other linear combination
2

+ g' 2 describes the massless photon.

The fermions also receive mass from the Yukawa terms after SSB
V J(e)

(1.17)

},

V J(u)

v'2

t 1 0 uR

uL

+

V f(d)

v'2

dtL 1 0 dR

(.CYukawa

=:>

·
+ h .c). T h e ab ove IS· wntten
10r on1y one
.C

family. In general there is no reason to assume the quark gauge eigenstates are the same
as the mass eigenstates. It is therefore necessary to add a unitary mixing matrix that
mixes the three families of quarks. This matrix is called the CKM (Cabibbo-KobayashiMaskawa) matrix and is parameterized by three angles and one complex phase. The
standard model therefore represents a gauge invariant way of writing down all fundamental strong, weak, and electromagnetic interactions. It has been tested to a very high
precision [4] and predicts the existence of the higgs boson 'T1 that has yet to be observed
[5].
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1.2

The Standard Model of Cosmology
In this section we review the Standard Model of Cosmology. In Chapter 3 we

discuss the possibility of constraining new particle interactions with galaxy cluster surveys and use much of the terminology introduced in this section. Einstein's equation
relates the curvature of space-time to the stress-energy tensor of matter. By applying
Hamilton's principle to the action[6]
(1.18)
one can derive Einstein's equation:

G,w

1

=

R 11 v - 2Rg11 v +Ag11 v = 81rGT11v.

(1.19)

where g11 v is the metric, R 11v is the Ricci tensor, R is the trace of R 11v, G is Newton's
gravitational constant, A is the cosmological constant, and T11v is the stress-energy tensor
given by

Tv= _ 2 _1_6 SMatter.
J.l
.;=g 6 gJ.lV

(1.20)

This is a set of 6 coupled, non-linear differential equations in the metric 2 •
The goal of cosmology is to understand the evolution of space-time and the structure of matter. Einstein's equation describes the dynamics of the metric in the presence
of matter, but to find solutions to Eq. (1.19) one needs to make assumptions about both
the form of the metric and the stress-energy tensor. In 1965, Penzias and Wilson published an article stating that they observed excess radiation at a temperature of 3.5 K that
was "within the limits of our observation, isotropic, unpolarized, and free from seasonal
variation [7]." This observation was confirmed when the Cosmic Background Explorer
(COBE) precisely measured the 2.7 K black-body spectrum of the Cosmic Microwave
There are 10 independent equations in g~",_, since the tensors G1w and T~",_, are symmetric. In addition
conservation of energy gives 4 additional constraints: \7~" TJ.tv = 0, where \7~" is the covariant derivative.
2
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Background (CMB) [8]. The CMB therefore provides strong evidence that on large
scales the universe is isotropic and homogeneous. The general form of a metric that is
homogeneous and isotropic is [6]
(1.21)
Recall Einstein's equation (1.19) relates the metric and it's derivatives to the stressenergy tensor. We therefore need to know what TJ.Lv is for the universe on large scales. If
we model the universe as a perfect fluid, the stress-energy tensor with one index raised
becomes T/}

=

diag( -p, p, p, p). We can now find how the metric evolves with time.

To do so we need to substitute the metric (1.21) and the stress-energy tensor into Eq.
( 1.19). The resulting equations of motion are called the Friedmann equations
81rG

A

I'C

- - p - - 2+ 3
a
3
47rG
A
- - ( p + 3p) + -.
3
3

a
a

It is customary to define the Hubble parameter H

=

a/ a,

(1.22)

(1.23)

the critical density Pcrit =

3H 2 /87rG, andthedensityparameters: Dm = P/Pcrit andDA = A/(3H 2 ). Ifthe
universe if fiat (I'C

=

0), the first Friedmann equation can be written as D = Dm +DA

We can write the equation D

=

= 1.

1 in terms of the density parameters measured today;

to do this we introduce the redshift parameter z. Since the universe is expanding, light
coming from distant objects is redshifted. If we normalize the scale factor such that
today a0

= 1, the observed frequency is

Aobs

= >-em/a(t). The redshift is therefore

z = (Aobs - >-em)/ >-em = (1 -a)/ a. Since we can determine the value of the scale factor
at the time of emission by measuring the redshift of the observed light, cosmologists
often use redshift as a measure of time. We can now think of the big bang as occuring
at z

=

oo and today as occuring at z

decreases by a factor of a(z)- 3

=

=

0. As the universe expands, the matter density

(1 + z) 3 • In terms of the Hubble constant and the
7

density parameters measured today 3 , we have
(1.24)

We can now make observations and either a) infer the energy density of our universe by observing it's expansion or b) explain the expansion of our universe by first
determining the energy density of known matter. A conflict occurred when it was found
that the amount of matter observed in galaxy clusters is much smaller than the amount
predicted using the virial theorem. In 1933, Zwicky postulated that if matter existed
that we could not see, called Dark Matter, it could explain this conflict [9]. In Chapter
3 we also discuss how the large scale structure of our universe also implies the existence of dark matter. By observing supernovae luminosities at different distances from
the earth, one can determine that the universe is expanding [10, 11]. In order for this
expansion to happen, one needs an energy density with negative pressure called dark energy. There are two well studied candidates for dark energy: the cosmological constant
and a scalar field called quintessence. By observing and studying supernovae [10, 11],
the Cosmic Microwave Background radiation [12-14], large scale structure formation
[15, 16], gravitational lensing [17], and other cosmological events, a consistent picture
has emerged in which the energy density of our universe is 76% Dark Energy, 20% Cold
Dark Matter, and 4% Baryonic Matter [12-14]. Since all of the density parameters add
to 1, the universe is also flat [ 12-14].
There are problems when comparing the Standard Model of Cosmology to the
Standard Model of Particle Physics. The matter density of our universe is dominated
by matter that has yet to be observed and cannot be explained by the matter content
introduced in Section 1. In addition, the appearance of a small cosmological constant
3

From here on Om and OA will denote the density parameters as measured at the current epoch.
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compared to the vacuum energy expected from the Standard Model seems troubling [1].
Cosmology therefore gives us a hint that there is physics yet to be discovered beyond
the Standard Model.

1.3

The Hierarchy Problem and a need for Physics beyond the Standard Model
There is a large hierarchy between the gravitational and the weak scale. Gravity be-

comes strongly coupled to matter at the Planck Scale (Ap 1

=

(nc/G) 112

rv

1019 GeV)

and it is believed that shortly before this happens the strong and electroweak forces become unified at a scale

rv

1016 GeV in a grand unified theory (GUT) [1]. However,

electroweak symmetry breaking requires the Higgs doublet's mass term squared to be
of the order (100 GeV) 2 • If the SM is the correct description of the world up to the GUT
scale, one would expect the cutoff of the SM to be at Acur and the radiative corrections
to the Higgs doublet mass term would go as Abur [1]. There would therefore have to be
a fine tuning 28 orders of magnitude between the bare mass and the radiative corrections
in order to explain the Higgs mechanism. This fine tuning can go away if new physics
appears between the electroweak and the GUT scale.
Some of the proposed solutions to this problem include imposing a new symmetry
of nature called supersymmetry [18] and postulating the existence of extra dimensions
[19, 20]. Supersymmetry demands that every fermionic degree of freedom has a corresponding bosonic degree of freedom and vice versa. Since loop corrections due to
bosons and fermions are opposite in sign, quadratic corrections to the higgs mass are
naturally canceled and the hierarchy problem goes away [18]. In extra dimensional
models, the gap between the Planck and the weak scale arises by either: a) weakening

9

gravity by spreading it out equally in extra flat spatial dimensions or (b) localizing gravity on a 4 dimensional brane a small distance (rv 10 Tev- 1 ) away from us in a warped
extra dimension [19, 20]. In Chapter 2 we will review and present extensions to models
with warped extra dimensions.
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CHAPTER2
Warped Extra Dimensions
In the introduction we reviewed the Standard Model of Particle Physics. In this
chapter we explore one of the proposed extensions to the SM, the existence of extra
spatial dimensions. After we motivate why physicists believe these extra dimensions
may exists, we review a particularly interesting model in which the extra dimension is
warped. The remaining sections explore extensions to the original warped extra dimensional model and their consequences.

2.1

A Review of Extra Dimensions
After Einstein published his theory of general relativity, physicists knew of two dis-

tinct interactions that could be described by a lorentz invariant action: electromagnetism
and gravity. In the 1920's two physicists, Theodor Kaluza and Oskar Klein, proposed a
theory that unified the two forces into a single interaction [21, 22]. This theory postulated space-time to live on a R 3 •1 x S 1 manifold where the inverse radius of the curled
up dimension was around the Planck scale. The 5 dimensional metric tensor

9MN

was

decomposed into a massless four dimensional tensor (graviton), vector (photon), and
11

scalar field. Kaluza and Klein showed that Einstein's Equation, Maxwell's Equations,
and the Klein-Gordon equation were naturally satisfied for their respective fields. In the
1970's, after the completion of the Standard Model, there were four known fundamental forces of nature. Furthermore, the standard model was able to successfully unify
electromagnetism and the weak force and it seemed as if strong interactions would also
inevitably unify at around the GUT scale [1]. This unification led many to again wonder
if the world could be described by only one fundamental interaction at around the Planck
scale. String theorists are currently attempting to accomplish this goal by providing a
quantum theory of gravity in an extra dimensional manifold [23].
In 1998, Arkani-Hamed et al. proposed a method of using n fiat extra dimensions to
reinterpret the hierarchy problem [19]. They postulated that the gravitational and weak
interactions are unified at the weak scale, however since the standard model is localized
on a 4 dimensional brane while gravity propagates in the full 4+n dimensional space,
gravity only appears weak. To see how this is done, notice that the Hilbert action in d+ 1
(d=3+n spatial and 1 time) dimensions is
(2.1)
For the action to be unitless, the coupling must have mass dimension (16 1r G)- 1

Mt! 1 .

=

If one considers n curled up dimensions of radius r, the effective coupling after

integrating out the extra dimensions is (2nr)n/16nG or in terms of the Planck mass,
M~ 1 (4 ) = (2 1r r)n M~T(~+n)" If only two extra dimensions existed, they proposed that a

large extra dimension (as large as a millimeter) could exist in which the 5 dimensional
Planck constant was equal to the weak scale. They showed that the existence of large
extra dimensions could be tested by measuring corrections to Newton's law at the millimeter level. Since then, gravity has been measured to a much higher precision and
therefore rules out the possibility of only 2large extra dimensions [24].
12

In 1999, Randall and Sundrum proposed a new brane world in which a single
warped extra dimension could explain the hierarchy problem [20]. They defined a

S 1 /Z 2 orbifolded theory with two branes located at the orbifold fixed points. These
branes are called the Planck and Te V branes respectively. The theory is defined by
considering the action

~
d 5 X y ~{
-g( 5 ) 2Mp(5)3
1 R- A-~ Vrev 6(y- Yrev)

J

s =

-

-g(5)

~ Vpz6(y-ypz)
~

v

-g(5)

}

(2.2)

.

Varying the metric, they obtained the equation of motion for the four component gf.lv:
1
RJlV- 2gf.1V

-1
2M(5)3

Pl

1 (5)
[ 2,9Jlv

~ Vpz 6 ( Y- YPl )]
A+ 21 ~
~ Vrev 6 ( Y- YTeV ) + 21 ~

·

The action has a 4 dimensional Poincare invariance and therefore the solution of Einstein's equation should be of the form
(2.3)

Substituting the above metric into the equations of motion they found that A(y)
where k =

V-A/ 24M~~)

3

.

=

2 k IYI

In addition, the tensions of the branes were related to the

bulk cosmological constant by Vpz = - Vre v =

V- 24M~~)

3

A. To see how this solves

the hierarchy problem, let's place a scalar field ¢ on the TeV brane that is located a
distance r from the Planck brane:

S=

J (T
4

dx

-4kr)

(2.4)

We can canonically normalize the field by defining

¢

=

e-kr ¢, but now the vev is

warped down as well: Vrev = e-kr Vpz. By choosing kr ,....., 35, mass scales get warped
13

from the Planck scale to the Weak Scale. They also showed that the effective Planck
mass is related to the 5 dimensional scale by M~ 1 (4 )

'""

M~ 1

(s/ k [20]. In other words,

the Planck mass will stay large on the TeV brane while other mass scales are at the TeV
scale.

2.2

Dynamically warped theory space and collective supersymmetry breaking
1

In the original models of warped extra dimensions, gauge fields propagated on a

four dimensional brane. Since then, many models have considered placing the Standard
Model fields in the bulk. However, gauge theories in extra dimensions are not renormalizable and are to be understood as effective theories. An example of an ultraviolet
completion of extra-dimensional gauge theories is provided by deconstruction [26, 27].
In this approach, one arranges the action of a four-dimensional gauge theory so that

at low energies it reproduces the action of a five-dimensional theory that is latticized
in one spatial dimension. The high-energy theory can be asymptotically free, with
fermions condensing at an intermediate scale to provide the link fields of the latticized
theory [26]. At energies below the scale at which the condensation occurs (which still
must be significantly higher than the inverse size of the extra dimension) the theory is
effectively described by a "moose" theory in which scalar link fields obtain vacuum expectation values (vevs) [27]. The spectrum of fields in the spontaneously-broken theory
is designed to mimic the Kaluza-Klein (KK) towers of the higher-dimensional theory.
Deconstructed extra dimensions have proven useful for building the features of
higher-dimensional phenomenology into four-dimensional models. Examples include
1

This section appears in [25]. The work was completed in collaboration with Chris Carone and Josh
Erlich.
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the little Higgs models of electroweak symmetry breaking [28-31], extra-dimensional
grand unified theories [32-37] and models of supersymmetry (SUSY) breaking [38-44].
Deconstruction has also provided a new handle on nonperturbative effects in higherdimensional supersymmetric theories and string compactifications [45-47]. The novel
latticizations which arise in studies of deconstruction have led to new approaches in
latticizing chiral gauge theories [48] and supersymmetric theories [49-51]. The deconstruction of theories with higher-dimensional gravity has not been completely successful, but has provided insight into the scales at which gravitational modes in a latticized
theory become strongly coupled [52-55]. In addition, deconstruction of warped extra
dimensions [56, 57] has allowed for an explicit realization of the holographic renormalization group [58] and the transition between logarithmic and power-law running of
couplings as a function of energy [59, 60].
Most deconstructed extra-dimensional models are fine tuned in the sense that the
gauge couplings at each lattice site and the vevs of the link fields must be fixed precisely in order to reproduce the dynamics of an extra dimension. In this section we will
study some theories in which a warped theory space is generated dynamically, without
a significant fine-tuning of parameters. To this end, we impose an approximate hopping
symmetry in the link field potential, which would render our theories invariant under
translations if our moose were infinitely long. We allow the form of the hopping potential to vary at the ends of our finite moose, as a way of taking into account effects that
could reasonably occur at the boundaries in the continuum theory. With these assumptions, we will see that an exponential profile of link field vevs can occur naturally for a
wide range of model parameters, precisely what one needs to deconstruct models with
bulk fields in Anti-de Sitter (AdS) space.
In contrast to the spectra obtained in the continuum theory, however, we find towers
of gauge and link field states whose masses grow exponentially with KK number. This
15

suggests a concrete way to distinguish the four-dimensional models that we study from
those that genuinely live in a warped extra dimension. If the standard model exists in the
bulk of the deconstructed extra dimension, we will see that unification occurs at least as
well as in the nonsupersymmetric standard model, but at an accelerated rate due to the
Kaluza-Klein modes.
We then tum to supersymmetric moose models that dynamically generate warp factors. We focus on a U(l)n theory in which a Fayet-Iliopoulos term for each gauge factor
forces vevs for neighboring link fields to vary monotonically along the lattice, except at
the boundary. What is intriguing about this model is that each U(l) factor has a nonvanishing D term, yet the low-energy theory remains globally supersymmetric, as we will
see by studying the spectra of the gauge and link fields. We explain how this unusual
circumstance is possible, and then add mediating fields and gravity, leading to nonsupersymmetric spectra. The collective SUSY breaking in the extended theory shares some
features with Scherk-Schwarz SUSY breaking [61] and twisted theory space [40], but is
also different from those types of models in several important ways. In the absence of
the mediating fields, global SUSY remains unbroken, as opposed to the usual situation
in which mediating fields have a tendency to restore SUSY. Also, SUSY breaking here is
of the "supersoft" type [62] because there are no fields which obtain F-term vevs. However, the suppression of the SUSY breaking scale with respect to the vacuum energy
yields a gravitino that is heavy in these models.
This section is organized as follows. In Section 2.2.1 we review the framework of
deconstructed extra dimensions and theory space. In Section 2.2.2 we study dynamically generated nonsupersymmetric warped extra dimensions. We study gauge coupling
running in these deconstructed theories and compare with the continuum theory and
with the Standard Model. In Section 2.2.3 we study the dynamically deconstructed supersymmetric U(l) theory and its unusual SUSY breaking phenomenology. We finally
16

summarize these results in Section 2.2.4.

2.2.1

Framework

In this section we review the deconstruction of a warped extra dimension. It is important to note that the gauge theories we eventually study are more correctly described
as models in "theory space", i.e., the space of four-dimensional theories that can be described conveniently by moose diagrams. For particular values of the link field vevs and
gauge couplings, the theory space will coincide at low energies with a latticized extra
dimension. It will be of particular interest to us when this correspondence reproduces
the spectrum and interactions of a gauge theory in AdS space, at least in the continuum
limit.

o-o-o- ··· -o
FIG. 2.1: A linear moose.

Consider ann-site moose diagram with n SU(N) gauge groups connected by n- 1
link fields c/Ji, as shown in Fig. 2.1. The link fields transform in the bifundamental
representation under neighboring groups. The action of our moose diagram is

S=

J

4

d x

2: [-~Tr [Ff"F~"J +Tr1Dttc/Jil

ith

]

(2.5)

t

where Ff" is the non-Abelian field strength for the
connecting the

2

ith

group, and c/Ji is the link field

and (i + 1) th site. (We leave it implicit that the sum runs up to n in

the first term and n - 1 in the second term.) The covariant derivative of cpi is given by,
~
D tt 'f'i

-att
-

~
'f'i

. Aitt 'f'i~
+ 2q

-

. 'f'i
~ Ai+ 1
zq
tt ·

(2.6)

Note that Ftt" - F:"ra, where Ta is a group generator, satisfying Tr(TaTb) = bab /2.
(In the Abelian case we will take the generators to be the identity, so that Tr(T 2 ) = 1).
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To compare the moose theory with the lattice gauge theory action it is useful to express
Eq. (2.5) using a nonlinear field redefinition of the bifundamental fields ¢1 :
v1 exp [iqa A~]
~ v1 (1

+ iqaA~ + .. ·),

(2.7)

where we have expressed the lh link in terms of a "comparator" field U. The parameter

a has units of length, and the exponential in the field redefinition represents the Wilson
line along the interval (y1 , y1 + a) in the extra dimension. With this choice, the action
for the link fields may be written to quadratic order in A 5 as,

(2.8)

We can compare this to the action of a warped five-dimensional theory,
(2.9)

where the metric is of the form
(2.10)
We now discretize this action on a lattice with n sites and spacing a, so that the length
of the extra dimension in these coordinates is R = na. This requires that we make the
substitutions
(2.11)

(2.12)

(2.13)
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so that our five-dimensional action becomes

Thus we recover the action of the moose model, up to terms of higher order in the lattice
spacing a, provided we identify
e-fi/2

(2.15)

Vi=--

qa

The exercise above demonstrates how the geometry of an extra dimension may
be encoded in the profile of link field vevs in the four-dimensional theory. For AdS
space, one has fj

= 2kaj, where k is the AdS curvature, and one finds that

VJ+ 1

=

exp( -ka) Vj· In the next section, we present nonsupersymmetric models in which such
a profile of vevs is generated dynamically. In these models, the potential for the link
fields will have the form
n-1

V

=

Vb (cfJI) +

L Vi (cpi, ¢i+I),

(2.16)

i=l

with ¢n _ 0, corresponding to a Dirichlet boundary condition. The second term in
Eq. (2.16) is invariant under translations i
boundaries i

=

1 and i

=n-

--+

i

+

1. We may choose

1 along the moose, except at the

Y'b( ¢I) so that the explicit breaking

of this translation invariance triggers a monotonically varying profile of link vevs. We
show in the next section that generic forms exist for the hopping terms

Vi that provide

for local minima with the desired properties, without requiring an unnatural choice of
parameters.
The deconstruction of warped supersymmetric theories is similar to the example
just considered, except that each site corresponds to anN = 1 vector multiplet, and
each link to a chiral multiplet. Aside from the vector multiplet that includes the zero
mode gauge field, the remaining n- 1 massive multiplets include both a vector and chiral superfield, each transforming as an adjoint under the unbroken diagonal subgroup.
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This is consistent with our expectation that the KK levels arising from an underlying 5D
theory should form N = 2 SUSY multiplets. Each bi-fundamentallink field also contains a singlet under the unbroken gauge group, but these states are generally assumed
to have no impact on the low-energy phenomenology. In our explicit treatment of the
link potential, the spectra of all physical states will be specified in our models.

2.2.2

Non-supersymmetric Warped Theory Space

In this section, we consider non-supersymmetric examples of the class of theories
described in Section 2.2.1. These theories dynamically generate a warp factor that becomes exponential in the limit that the number of sites n is taken large. We determine
the spectrum of link and gauge fields that appear in such models later in this section.

Non-supersymmetric Models
Let us begin by considering nonsupersymmetric U(l)n gauge theories, with gauge
couplings 9i = g and n - 1 link fields with charges

¢i "' (+1' -1) '
under the

ith

and (i

+ 1)th

(2.17)

group factors, respectively. We wish to find potentials of

the form (2.16) that will generate a warp factor. As a warm up, consider the following
fine-tuned example,
(2.18)
and
(2.19)
where ai = ¢! ¢i, fori = 1 ... n - 1, and an = 0. This model is fine-tuned in the
sense that the terms appearing in the potential are not the most general set allowed
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by the symmetries of the theory. We discuss more general examples afterwards. The
advantage of the model defined by Eqs. (2.18) and (2.19) is that it allows us to extract a
number of useful results without resorting to numerical analysis.
Since we are looking for solutions in which all the ¢ develop vevs, we may minimize V with respect to the ai. Excluding the links at the ends of the moose, the minimization condition for the

_eth

link is simply
(2.20)

The solution is given by
aj

=A exp(Kj) + B exp( -Kj)

(2.21)

where
coshK =
The minimization conditions on a 1 and

an-I

1 + .\2
.\
2

(2.22)

both differ from Eq. (2.20),
(2.23)
(2.24)

and determine the coefficients A and B. After some algebra, the general solution in
Eq. (2.21) can be reduced to
(2.25)
for j = 1 ... n - 1.
This solution provides the desired warp factor, providing it corresponds to, at least,
a local minimum of the potential. For our choice .\ < 1, one sees that in the n ---+ oo
limit Eq. (2.25) reduces to
(2.26)
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since the second term approaches -)... 2 n- j, which is vanishing for all j. For finite n, one
finds monotonically decreasing link vevs. For example, in the case where n = 4 (i.e.,
three link fields) and )... = 0.3 one finds
v1 =

l.OOm,

v2 = 0.55m,

v3 =

0.29m,

(2.27)

where vi= (ai) 112 . Note that the U(l)n gauge invariance allows us to choose all of the

vi real and positive.
Without working out the mass spectrum of the link fields explicitly, we may nonetheless show that the extremum of the potential just described is at least a local minimum. First we note that in the n ----+ oo limit, the solution Eq. (2.26) corresponds to

V( { (¢i)})

=

0. However, the potential is clearly positive definite and there are no flat

directions. We therefore conclude that our solution in the n ----+ oo limit corresponds to
a global minimum.
For n finite, consider the scalar mass squared matrix
(2.28)
where

~i

represents the real and imaginary components of the link fields in the basis
c
<, -

( A-,im
'f'l

A-,im
A-,im
A-,re A-,Te
A-,Te
)
''f'2 ' · · · ''f'n-1' 'f'l ''f'2 ' · · · ''f'n-1

·

(2.29)

For 1 ~ i ~ n - 1 or 1 ~ j ~ n - 1, the factors 8a/ a~ are vanishing, since the vevs of
the ¢i are purely real. This implies that there are n- 1 zero eigenvalues, corresponding
to the goldstone boson degrees of freedom in the spontaneous breaking ofU(l)n ----+U(l).
Only the lower-right (n - 1) x (n - 1) block of the Eq. (2.28) is nonvanishing, and is
of the form

m 2 = VAVT
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'

(2.30)

where Vis a diagonal matrix of vacuum expectation values V = diag( v 1, v2 , ... Vn_I),
and A is a dimensionless matrix of the form

A=

-.\
(2.31)

Since Vis nonsingular, it follows that the number of positive eigenvalues of m 2 and A
are the same. Therefore, it is sufficient that we show that A has only positive eigenvalues. The proof is as follows: For .\ = 0, A is the identity matrix, which is clearly
positive definite. As we allow .\ to vary continuously away from zero, the only way
any eigenvalue can become negative is for there to exist a value of .\ for which that
eigenvalue vanishes and the determinant of A is zero. However, one can verify that
n-1

detA

=

1+

L.\

2

j

,

(2.32)

j=l

which is never vanishing. Thus, all the eigenvalues of A, and hence m 2 , remain positive
for arbitrary .\. Our warped solution corresponds to a minimum of the potential.
As we have commented earlier, the potential we have just examined is not the most
general one that we could have written down. We now tum to more general possibilities.
Assuming renormalizable, next-to-nearest-neighbor interactions, the most general form
for the

Vi in a U(l)n theory is
(2.33)

As before, we assume the boundaries of the moose are special, and include the additional
corrections
(2.34)
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designed to trigger a vacuum expectation value at one end of the moose. In this general parameterization, the four-site example that gave us Eq. (2.27) corresponds to

mi = 2m 2 ,

,\ 1

= 0,

m2

= 0, ,\ = 1.09, and p = -0.6. By varying these parame-

ters continuously away from our successful, yet fine-tuned, solution we can find more

m2 =

general results. For example, the parameter choice ,\ 1 = -0.8,

0.4, ,\ = 1.0, and

p = -0.7 we obtain a local minimum with
(2.35)
For large n, where end effects become less important in determining the location of
the minimum, one can find parameter choices that yield viable warped solutions for
arbitrary n. To illustrate this point, we have studied numerically the potential defined by
Eqs. (2.33) and (2.34) for n ranging from 30 to 100. The results, which we have verified
correspond to minima of the potential, are shown in Fig. 2.2.
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FIG. 2.2: Link field vevs.
Link field vevs for n = 30, 40, 50 and 100. The solutions shown correspond to the
parameter choices mi =2m 2 , ,\ 1 = -0.8, ,\ = 1, and p = -0.8.
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It is clear by inspection that the vevs have the desired approximate exponential

dependence on link number. Also note that there is no significant fine-tuning in the
choice of parameters mi = 2m 2 , A1 = -0.8, A = 1, and p = -0.8. While other
successful solutions are possible, we will not survey the parameter space.
We instead tum to models that may have somewhat different phenomenological
applications, namely those involving non-Abelian group factors. We are interested in
SU(N)n moose that are broken to the diagonal SU(N) while spontaneously generating a
warp factor. Defining the SU(N)i xSU(N)i+l invariant combinations,
(2.36)
we study the potential
(2.37)
(2.38)
where, again, boundary corrections have been added to trigger spontaneous symmetry
breaking. To facilitate our numerical analysis of the potential, we choose N = 3, since
SU(3) is the smallest SU(N) group that retains many of same group theoretical properties
of larger SU(N) (for example, non-vanishing

fabc

and

dabc

constants). It is possible to

duplicate the warp factors shown in Fig. 2.2 in the non-Abelian case, provided that we
make the parameter identifications
(2.39)
For A= X

A/12 and

p = fJ

=

p/12 we have found numerically that our warped

extrema remain stable minima of the enlarged potential Eqs. (2.37) and (2.38). The
results of Fig. 2.2 can thus be applied to study the gauge boson spectrum in both Abelian
and non-Abelian examples.
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Gauge boson masses originate from the link kinetic terms
n-1

Lm

=

L

Tr (D~¢j)t (D~cpj) ,

(2.40)

j

which reduce to
n-1
2

g Lv}Tr[AH 1 ·AH 1 -2AH1.Aj+Aj ·Aj] ,

(2.41)

j

where g is the gauge coupling, or in matrix form

-v~
2
mgauge =

g

2

v~

+ v~
v~

+ v~

(2.42)
For the warped solutions shown in Fig. 2.2, it is straightforward to evaluate the eigenvalues of Eq. (2.42) numerically. Results for the Abelian, n

=

100 model are shown in

Fig. 2.3.
A number of comments are in order. While the gauge tower has a zero mode (corresponding to the unbroken U(l) factor), the scalar tower has an "almost" zero mode
whose mass approaches zero in the limit n

---+

oo. This mode can be identified as the

pseudo-golds tone boson of the broken approximate translation invariance of the moose.
In the Abelian models, this state (as well as every other in its tower) is a gauge singlet
and does not necessarily portend any inescapable phenomenological problems. However, more precise statements can only be made in the context of specific phenomenalogical applications. For the other scalar and vector modes, which we will label by an
integer k ;:::: 1, the mass spectra in Fig. 2.3 are very accurately described by the expo-
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FIG. 2.3: Mass spectra for the Abelian model.
Mass spectra of the scalar and vector states for the Abelian n = 100 model, for
g = 0.01, 0.1 and 1.25.
nential functions,
m~

2. 711 m

0 347

e ·

2.086g m

k

e0.34S k

(2.43)

where s and v indicate the scalar and vector masses, respectively. For the particular
value g :::::: 1.25, the two towers of states become nearly degenerate. In Reference [63],
it was shown that the product of nonzero eigenvalues of the mass matrix Eq. (2.42) is
given by,
(2.44)
If the vevs vi vary exponentially, then (2.44) leads one to conjecture that the masses

may have an exponential spectrum for most of the tower, as we have found numerically.
Assuming a tower of the form m 1

rv

[exp( -kR) /a] exp(kaj), where k is the AdS scale

and a is the lattice spacing, we expect the exponential to approximate the roughly linear
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tower of the continuum theory for the first O(ka) modes. It is useful to compare these
results explicitly to the spectrum of bulk scalar and vector modes in a 5D slice of anti-de
Sitter space. Defining the parameter Xn by
ffin

=

Xn

(2.45)

k exp( -krc1r) ,

where k is the AdS curvature and r c is the compactification radius, the values of Xn for
a massless bulk scalar are given by [64]
(2.46)
with v = 2, and for a bulk U(l) gauge field by [65]
(2.47)
where J and Y are Bessel functions, and
(2.48)
Note that 1

~

0.577 is the Euler constant, and the Eqs. (2.46), (2.47) and (2.48) are

accurate provided that exp( -krc7r)

«

1. The values of

Xn

can be obtained numeri-

cally, and increase approximately linearly with n. For simplicity, we can compare this
spectrum to our original, fine-tuned model where ai ~ m 2 >.j-l, with >. set to 1/2. Assurning the phenomenologically motivated value krc

~

11.27 (to generate the Planck

scale/weak scale hierarchy) and the choice m ~ 5 x 10- 12 k (to match the light KK
spectrum of the continuum theory), we obtain the first few modes shown in Fig. 2.4.
It is therefore possible that the deconstructed models presented here can effectively

mimic the first few gauge Kaluza-Klein modes of the Randall-Sundrum model, even
with a coarse-grained lattice (i.e. large lattice spacing). As one would expect, fine
lattices do a better job of reproducing continuum results. As an example, let us assume
28
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Comparison of the spectra of our simplified deconstructed model, and of AdS space,
assuming A= 1/2, m ~ 5 x 10- 12 k and krc ~ 11.27. See the text for discussion.
the hierarchy Vn-dv 1 =

e-k1rrc

= e- 30 . Since n-rc

=

na we identify the AdS scale,

k = (brrc)/(na) = 30/(na). We also identify the lattice spacing, a- 1 = gv 1 , where
we have chosen to shift the warp factor so that f(y 1 ) = 0. This choice corresponds to

A = e- 60 /(n-l) = 0.985 for n = 4000 in the parametrization of the mass matrix used
earlier. To summarize, the mapping of continuum parameters to lattice parameters in
this model is k

=

30gv!/n and 1rrc

=

nj(gv 1 ). In Fig. 2.5 we consider a relatively fine

lattice with 4000 lattice sites and compute the spectrum of gauge boson masses; there
is relatively good agreement between this result and that of the continuum. Whether or
not there is a continuum interpretation of the models we consider over a large range of
energies, our warped deconstructed models are interesting in their own right, as we will
describe in the following sections.
Finally, we comment on the scalar mass spectrum of the non-Abelian models. We
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have already noted that the potential given in Eqs. (2.37) and (2.38) generate warp factors, and we identified solutions that are minima of the potential. We note here that the
bifundamentals decompose under the diagonal gauge group into a real adjoint which is
eaten; and a real adjoint and complex singlet which remain in the physical spectrum.
The uneaten fields do not necessarily have an extra dimensional interpretation. (The
adjoints are necessary in the supersymmetric version of the theory to form KK modes of
a 5D SUSY multiplet.) Then- 1 singlets under the diagonal gauge group remain massless and are identified with the Goldstone bosons of the spontaneously broken U(1)n-l
global symmetry acting on the (/Ji_ One may include SU(N)i-invariant operators like
(2.49)
with small coefficient c, and the n - 1 singlet states in question will become massive
without spoiling the pattern of link field vevs obtained in the absence of these terms. It is
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also worth noting that higher-dimension operators that break the translation invariance
of the moose can be included to raise the mass of the lightest adjoint scalar state.

Gauge Coupling Running
There are many possible applications of the nonsupersymmetric warped deconstructed theories that we have just considered. For example, one could construct purely
four-dimensional analogs of the warped theories that attempt to explain fermion masses
via bulk wave function overlaps [66]. Whatever the application, one is bound to ask
how the mass spectra described in the previous section affect gauge coupling running
and unification [57, 67] We consider that issue in this section.
We begin with the generic observation that the towers of gauge and link fields that
we obtained were well approximated by

m0

=

0 and m J· = mea j ' J.

>
1
-

(2.50)

when the number of sites was large. Here, the parameter set (m, a) corresponds to a
particular towers of states, and may differ between the gauge and uneaten link fields. We
will simplify our discussion by assuming that these parameters are universal. However,
as we noted earlier, the link degrees of freedom that are not eaten by the gauge fields
could have a different spectrum. While the gauge tower has an exact zero mode, we
assume that the lightest link field modes (which are real scalar fields in the adjoint
representations of the diagonal, non-Abelian gauge groups) are heavy enough to evade
direct detection, but can be taken as massless as far as the renormalization group running
is concerned. This is equivalent to saying that we ignore any low-scale threshold effects.
For simplicity, let us consider the effect of a single field with an exponential tower
of modes on the running of a diagonal gauge coupling. Imagine that we start at some
initial renormalization scale f-lo and evolve the gauge coupling a through each KK mass
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threshold up to a scale 11 that is given by mN :::; 11 :::;

a

_1

(Jl) =a

_1

mN+ 1 .

One finds that2

b
m1
~j b
mj
(N + 1) b
11
(Jlo)- - l n - - L...t-ln--ln-,
2n
Jlo
. 2n
mJ·-1
2n
mN

(2.51)

J=2

where b is the one-loop beta function. The exponential form of the spectrum for the
massive modes in the KK towers leads to a simplification of the logarithms in Eq. (2.51),
which in tum allows us to do the sum in the third term. The result is

a -1 ( 11 )

=

11
a -1 ( J1o) - - b ln -11 - -N b ln -=2n
J1o
2n
m

a b (N + 1)
+ -N
4n

(2.52)

The first two terms give the usual one-loop renormalization group running of the couplings between the scales Jlo and 11; the last two terms are corrections due to the particular form of our KK towers. To understand the effect of these terms, it is useful to
note that for large N, N(N

+ 1)

~ N 2 ~ (ln

ljf;/a)2. Thus, unlike gauge coupling

running in the standard model, Eq. (2.52) has a quadratic dependence on the log of the
renormalization scale.
This point has been noted before in studies of gauge coupling running in deconstructed AdS space [57, 67]. The presence of log squared terms arises due to the choice
of boundary conditions on the gauge couplings. In our models, we define the gauge couplings to have a common value at a common scale, which can be identified as the scale of
the highest link field vev. This choice is required by the assumed translation invariance
of our theories. However, to reproduce the purely logarithmic gauge coupling evolution
expected in AdS space, one must define each gauge coupling of the deconstructed theory
at the scale of the corresponding link vev, before setting the couplings equal [57, 67].
In the framework that we have presented, there is no symmetry of the four-dimensional
theory that would make such a choice natural. We therefore use Eq. (2.52) to draw our
phenomenological conclusions.
2

See Ref. [1] for a discussion regarding the running of gauge couplings.
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Let us now apply Eq. (2.52) to the standard model. We take J.Lo = mz and the
gauge couplings

a1 1 =

59.02,

a2 1 =

29.57 and

a3 1 =

8.33. Our SU(3), SU(2) and

U(l) beta function contributions are3
gauge (massless)

( -11,-22/3, 0)

gauge (massive)

( -21/2, -7, 0)

physical links

(1/2,1/3,0)

matter

(4,4,4)

Higgs

(0, 1/6, 1/10)

(2.53)

One sees that the sum of massless gauge, higgs and matter beta functions in Eq. (2.53) is
( -7, -19/6, 41/10), the usual result in the standard model with one electroweak Higgs
doublet. As a further check, one can also note that the sum of Higgs plus massive gauge
beta functions is ( -21/2, -41/6, 1/10), which agrees with the KK beta function given
in Ref. [60] for the nonsupersymmetric standard model with only the gauge fields and
one Higgs doublet in the bulk. In the present application, the beta functions multiplying
the ln(J.L/ J.Lo) term in Eq. (2.52) are the sum of the Higgs, matter, physical link, and
massless gauge beta functions shown in Eq. (2.53), ( -13/2, -17/6, 41/10); the beta
function contributions of each KK level is the sum of the physical link and massive
gauge beta functions, ( -10,-20/3, 0). As an example, the choice

a=

1 and m

=

1 TeV leads to unification at the scale 7 x 105 GeV with
=

where

11.8%,

a121 is evaluated at the point where the SU(2) and U(1) couplings unify.

(2.54)
This is

not terribly impressive, but should be put in the appropriate context. Unification in the
3
The beta function contributions for fields that transform in different representations of an SU(N)
gauge group can be found in Refs. [1, 3]. The U(l) designations are for a SU(5) GUT (see Ref. [3]).
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nonsupersymmetric standard model occurs at 1 x 1013 Ge V with
(2.55)
using the input numbers defined earlier. Thus, the existence of the exponential towers
of gauge and link states actually improves unification slightly in comparison to the minimal standard model. This is significant since we had no reason a priori to expect that
approximate unification would be possible at all. From a practical point of view, this
suggests that any of a number of possible corrections to standard model unification (for
example, those motivated by split supersymmetry) could correct this result as needed.
We do not pursue this possibility further here.

2.2.3

Deconstructed Warped SUSY and Collective
SUSY Breaking

In this section we consider models with global supersymmetry4 . We dynamically
deconstruct a warped 5D supersymmetric U(l) gauge theory, and discuss the unusual
properties and phenomenology of this model. Related models were studied in [41-44].

The Deconstructed SUSY U(l) Theory
The 4D theory is anN=1 supersymmetric moose theory. Unlike our previous examples, the U(l) gauge fields now belong to vector multiplets with the associated gauginos, and the link fields ¢i are chiral multiplets with charges (+ 1, -1) under neighboring
gauge groups. To avoid gauge anomalies we can use the Green-Schwarz mechanism or
add Wess-Zumino terms. The structure of the anomaly-canceling sector of the theory
is tightly constrained if the theory is to appear extra dimensional in the limit of small
4

In this section we will quote results from supersymmetry. See Refs. [18, 68] for the relevant
background.
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lattice spacing [41, 42]. We will not concern ourselves with the details of this sector of
the theory, but rather cancel anomalies by introducing a duplicate set of link fields ¢, but
with opposite charges ( -1,

+ 1),

resulting in the quivers of Figure 2.6. The additional

bifundamentals have no extra dimensional interpretation, but they also are singlets under
the low-energy U(l) gauge symmetry and for most practical purposes can be ignored.
In the following, we will include the doubled set of link fields with the understanding
that one of the two sets will not have a higher-dimensional interpretation.

0=0=0= ... =0
FIG. 2.6: SUSY U(l)n theory
Moose for the supersymmetric U(l)n theory. Doubled links indicate chiral superfields
with charges ( +1, -1) and ( -1, +1).

Warping of the extra dimensions in the Abelian theory can be accomplished through
the addition of Fayet-Iliopoulos (FI) terms

~i·

The potential for the scalar link fields

arises from the D-terms, and is given by:
n

Vn

=

~n;,

(2.56)

i=l

where,
(2.57)
As usual, for a circular moose we define ¢ 0 = ¢n and for the interval (orbifold) moose
we define ¢ 0

= ¢n = 0 (and similarly for ¢0 and ¢n). We will again focus on the

orbifold theory. We assume for now that the superpotential vanishes, so that the only
contribution to the scalar potential is due to the D-terms.
The stationary points of the D-term potential satisfy,

(¢i) ( (Di) - (Di+I))
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=

0.

(2.58)

The vacua generically have equal D-terms, with,
(2.59)
As a result, the scalar VEV s vi and vi satisfy the recursion relation,

The U(l)n gauge symmetry is generically broken to a diagonal U(l). The second set
of link fields does not alter this symmetry breaking pattern because the link fields are
neutral under the unbroken U(l). There are fiat directions in the potential for which

l¢il 2 and l¢il 2 are shifted by the same constant ci. These fiat directions correspond to
then- 1 moduli ¢i¢i· For simplicity in what follows, we will assume vi = 0, and we
will use the gauge symmetry to make the vi real. None of the following results changes
qualitatively if we allow for ¢i vevs. Alternatively, as discussed earlier, we can remove
the ¢ chiral multiplets from the theory and include Wess-Zumino terms in the action to
cancel the gauge anomalies.
One amusing consequence of supersymmetry in this theory is that the spectrum
of massive chiral multiplets is the same as the spectrum of massive vector multiplets,
as required in order to mimic the KK spectrum of a supersymmetric 5D gauge theory.
The SUSY Higgs mechanism forces the scalar masses to equal the gauge boson masses,
resulting in a 4D N =2 supersymmetric spectrum of massive fields [38].
Notice that the relation between scalar VEVs (2.60) is a latticized form of the
equation,

()y2

a

(2.61)

where a is a lattice spacing that will be defined in terms of the fundamental parameters
of the theory shortly. The explicit ultraviolet dependence in the continuum scalar field
equation could be absorbed in a redefinition of the FI terms, but we will not do that here.
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Equation (2.61) can be integrated once to give,

8i¢(y)i 2
8y

-~(y)+Dig

(2.62)

a

with integration constant DIg, which is the continuum form of (2.59) with Di given by
(2.57) and

Dig=

1R dy~(y)IR.

(2.63)

Equation (2.62) relates the warp factor of (2.10) to the 4D Fayet-Iliopoulos terms:
ae-f(y)

8y

= ( -g2~(y)

+ gD)a.

(2.64)

The warp factors that can be obtained in this way form a restricted class. As a
particular example, if all of the FI terms are equal then from (2.62) with ~(y)

= DIg =

canst, the warp factor is constant and the metric reproduces fiat spacetime. As another
example, if the first of the FI terms differs from the rest, then the right-hand side of
(2.62) is constant in y except at the special site with unique FI term (corresponding to a
delta function in the continuum limit). The resulting (squared) warp factor

e- f(y)

has a

linear profile.
More generally, we note that according to (2.59) each D-term is equal to the average
value of g~j, which in the continuum limit becomes

D

=

g {R dy ~(y).

Jo

(2.65)

R

Then, suppose we want to fix the right-hand side of (2.62) so as to reproduce a particular
warp factor, so that

~(y) =

[(y) +DIg= [(y)

+

1R

dy ~(y)l R,

(2.66)

for some specified profile ~(y). Whether or not there is a solution to the integral equation
~

~

(2.66) depends on the choice of ~(y). To determine the constraint on
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~(y)

we integrate

(2.66) over y and find,

1R

dy[(y)

= 0.

(2.67)

Hence, we learn that in order to obtain a monotonic warp factor, there must be a delta
function contribution to ~(y) at a boundary of the spacetime. We can also see the difficulty in obtaining a monotonic warp factor by recognizing that ~ (y) is the difference
between ~(y) and its average value over the interval (0, R). As a result, if ~(y) > 0 for
some y, then there must exist some y' where ~(y') < 0. The same argument applies to
the latticized theory: If for some i, (~i - DIg) > 0 then there exists an i' for which
(~i' - DIg) < 0. Then, by Eqs. (2.57) and (2.59), in order for the warp factor to be
monotonic, the FI term 6 at the boundary will differ in sign from the FI terms in the
bulk. (In fact, we will see in Section 2.2.3 that [(y) is the profile of FI terms in an
equivalent theory with vanishing vacuum energy.)

The KK spectrum

The masses of the components of the vector and chiral multiplets arise from the
Kahler potential for the bifundamental chiral multiplets,
(2.68)
where <I>i is the bifundamental chiral multiplet charged under U(l)i+ 1 and U(l)i, and Vi
is the U(l)i vector multiplet. We will separately calculate the gauge boson, scalar, and
fermion masses, and find that the spectrum is supersymmetric despite the nonvanishing
D-terms in the vacuum. Later we will explain why the presence of global supersymmetry is to be expected, and we will study the unusual SUSY breaking phenomenology of
this and related models.
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Gauge bosons
On the supersymmetric orbifold, as in the nonsupersymmetric case, the gauge boson masses arise from the bifundamental vevs through the Higgs mechanism, with mass
terms,
(2.69)
The mass-squared matrix is, as before,
v2
1
-v2
1
2
mgauge

=

2g 2

-v2
1
v2
1

+ v22

-v2
2

-v2
2

v2
2

+ v23

-v2
3

(2.70)

Identifying the lattice spacing with a - 1/ (gv 1 ) as in the nonsupersymmetric theory, we recover the spectrum of gauge fields in a latticized warped extra dimension with
metric,
(2.71)
with warp factor e-f(na) = vn/v 1 . The action of the continuum theory then includes,
(2.72)
The relative factor of two between Equations (2.70) and (2.42) is due to our normalization of the generators in the Abelian and non-Abelian theories. We have chosen
Tr TaTb = c8ab with c = 1/2 for the non-Abelian theory, but c = 1 for the Abelian
theory.
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Fermions
The Kabler potential for the chiral multiplets couples the chiral multiplets to the
gauginos, and gives rise to the following mass terms in the fermion Lagrangian:
(2.73)

(2.74)

where the n x (n - 1) dimensional matrix 8 is,

8 =

(2.75)

The fermion mass matrix is identified by writing the fermion Lagrangian in the
form,
£ :1

~(A, I ,p,)

M,; (

~:

)

+ h.c.

(2.76)

The squared mass matrix is the given by,

(2.77)
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The block diagonal elements of the mass matrix are proportional to,
v2

-v2
1

1

-v2
1

eet

v2
1

+ v22

-v2
2

-v2
2
v2
2

+ v23

-v2
3

2
-vn-1

ete

2
2v 1

-v1v2

-v1v2

2
2v 2

-v2v3

-v2v3

2
2v 3

2
vn-1

(2.78)

-V3V4

The upper-left diagonal block of the mass squared matrix

Mfermions

is identical to the

gauge boson mass matrix. The bottom right diagonal block has identical eignenvalues
to the first, except that the zero mode is missing from that sector. The single fermion
zero mode is therefore composed entirely of the gauginos:
(2.79)
This zero mode will be important later in the discussion of SUSY breaking. The massive
modes match the spectrum of massive gauge bosons, as required for 5D supersymmetry.
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Scalars
The scalar masses are determined by the D-term potential Eq. (2.57). Defining

di

=(Di)
VD

=

vf - vi-1

= 9

2

+ ~i' and c/Ji

=

vi

+ r.pi, we may expand,

Li [(I.Pi+l + vi+I)(r.p!+l + vi+I)- (r.pi + vi)(r.p! +vi)
-

2

-

2

-lc/Ji+ll + lc/Jil + ~i+l
= 9

2

]2

Li [di+I + II.PHrl 2 + vi+l (r.p!+I + I.Pi+I) -lr.pil
2

-l¢i+ll + l¢il

2
-

vi (r.p! + I.Pi)

2 2
]
,

from which if follows that

where

ete is the same matrix that determines the fermion masses Eq. (2.78).

We will

see again in Section 2.2.3 that the D-terms in the vacuum, di, are all equal, so that the
terms in (2.80) proportional to (di- di+ 1 ) vanish.
Diagonalizing the mass matrix, the imaginary modes (r.pi - r.pl) have vanishing
masses, and are then- 1 eaten Goldstone modes of the U(l)n ----+U(l) gauge symmetry
breaking pattern. The real modes have the same masses as the massive fermions and
gauge bosons. The

cpi fields remain massless, and do not have a higher-dimensional

interpretation.
The 5D vector multiplet is decomposed into a tower of massive 4D vector multiplets, consisting of a massive gauge boson, two Weyl fermions and a real scalar; it
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includes, in addition, a massless vector multiplet and chiral multiplet, consisting of a
massless gauge boson, two Weyl fermions, and a complex scalar. In the continuum
theory, by allowing the orbifold action on the fields to include a transformation by an element of the R-symmetry of the supersymmetric theory, supersymmetry can be partly or
completely broken. The "boundary conditions," specified by the terms in the Lagrangian
from the first and last site of the moose, project out one massless Weyl fermion and one
massless complex scalar, leaving an

N = 1 vector multiplet zero mode consisting of a

massless gauge boson and Weyl fermion. (We could have kept an extra zero-mode chiral multiplet by adding an additional chiral multiplet charged under the first U(l) gauge
group in the moose and not giving its scalar component a vev.) Hence, we have found a
spectrum of gauge bosons, fermions and scalars consistent with 5D supersymmetry partially broken to 4D SUSY at the zero-mode level by the orbifold boundary conditions.
The U(l) D-terms do not vanish in the vacuum, so the fact that we have recovered a
supersymmetric low-energy theory may at first sight seem surprising. This is the subject
of the next section.

SUSY Without Supergravity
Unless the FI terms are fine-tuned such that

l:i ~i

= 0, then by Eq. (2.59) the

D-terms cannot simultaneously vanish and it would seem that there should then be a
collective breaking of supersymmetry from the nonvanishing D-term VEVs. In fact this
is not the case, as we have seen that the spectrum of the deconstructed U(l) orbifold
theory preserves four supercharges (N=1 in 4D). The reason this is possible is that only
the unbroken diagonal U(l) has a nonvanishing FI term,

~diag

1
=

r:;
yn
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L ~i
.

2

·

(2.80)

All linear combinations of U(l)'s orthogonal to the diagonal U(l) have vanishing FI
terms by orthogonality and the equality of the D-term VEVs di.
The diagonal U ( 1) has no charged matter, so the FI term is just a cosmological
constant and can be shifted away (until we couple the theory to gravity). To see this
explicitly, we define,
~

~i- ~i-

2:

~i

(2.81)

_t_'
n

and
(2.82)

after which the D-term potential becomes
(2.83)

We have defined

~i

such that

2:i ~i

=

0. Hence, the deconstructed U(l) theory with

arbitrary FI terms is equivalent to a theory with FI terms

~i

in which global SUSY is

unbroken (according to Eq. (2.59)) plus a cosmological constant A = (2:i ~i) 2 /n.
According to the usual definition of the supersymmetry transformations, the Goldstino transforms non-homogeneously. This is usually taken to be the indicator of supersymmetry breaking. However, in this theory we can redefine the action of the SUSY
generators on the gauginos such that the non-homogeneous part of the SUSY transformed Goldstino is shifted away. The Goldstino is identified with the massless fermion
mode of (2.79), )..

=

2:i Ad viii.

The Goldstino is composed entirely of gauginos, as

expected in the absence ofF-terms. Its SUSY transformation is,
.( \ _
UA -

~D· L.Ji
t

ZE

viii +

where E is the supers pace parameter and
for p,

CJJ.LV

J.W
(J

=

E

~.Fi
L.Jt J.W

viii ,

1/4 [CJJ.L, CJv] with

(2.84)
CJJ.L

the Pauli matrices

= 1, 2, 3 and CJ0 = -1. The vacuum value of the D-term part of the transformation

rule makes the gaugino transform non-homogeneously, which is usually taken to be the
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indicator of SUSY breaking. However, if we shift the D-terms by their VEVs, we find
that the following SUSY transformation is also preserved by this theory:

-£ \

_
U.A -

·

ZE

"L.,;i jj.t +

vfn

"L.,;t piJ.LLI

J.LLI

CJ

E

vfn .

(2.85)

The vacuum part of the D-term part vanishes by definition, so that the would-be Goldstino transforms homogeneously under the shifted SUSY transformation. The SUSY
transformation rule for the shifted auxiliary fields Di is the same as for the original
auxiliary fields Di,
(2.86)

We are free to shift the supersymmetry transformations in this way because the diagonal
D-term is independent of the matter fields in this theory, and its SUSY transformation
depends only on derivatives of the gauginos so that the additional shift of the gauginos
by a constant does not affect the transformation of the D-term. Once again, we are only
able to shift the SUSY transformations in this theory because there is no charged matter
under the diagonal U(l) gauge symmetry which has nonvanishing D-term. Otherwise
the shifted SUSY would not be a symmetry of the theory because of the dependence of
the auxiliary D-term on the charged fields. Also, when we couple the theory to gravity
we will no longer be able to redefine the supersymmetry in a similar way because the
positive vacuum energy breaks local supersymmetry.

SUSY-breaking Phenomenology
Despite the unbroken global SUSY identified above, SUSY breaking reappears
when the supersymmetric U(l) theory is coupled to gravity or a messenger sector. In
this case, one finds the unusual feature that the scales of SUSY breaking in the messenger and in the gravity sector may be hierarchically different. This result is obtained
because the supersymmetry is broken collectively: if any one of the D-terms conditions
45

were removed, then there would be a supersymmetric ground state. The supersymmetry
breaking is therefore nonlocal in nature and, from the 5D perspective, corresponds to
including an explicit position-dependent cosmological constant in the theory by hand.
However, one should not take this interpretation too literally, as we have not deconstructed 5D gravity. It should be clear, though, that this situation is unlike models of
deconstructed Scherk-Schwarz SUSY breaking or radion F-term SUSY breaking [69].
In those cases the boundary conditions break global supersymmetry, while here we preserve supersymmetry without supergravity.
If we are willing to give up on the higher-dimensional interpretation of the model,
then we may assign random Fayet-Iliopoulos terms to then U(l) factors in the theory.
The central limit theorem leads to an expected value of Li ~i which grows like

fo for

large number of lattice sites. Now we can imagine coupling one of the U(l) factors in
the moose to the MSSM through messenger fields. If we define the typical scale for the

~ito bet and take g/f, '"'-' Mpz then the SUSY breaking scale as seen by the messengers
and the splitting of messenger masses would be of size,
2
MSUSY

=

(D)
i

2

=

9

Li ~i
n

2

9

t

M~z

'"'-' ~/2 '"'-' ~/2 ·

n

n

(2.87)

Gravity, on the other hand, would communicate a SUSY breaking scale specified by the
cosmological constant,
(2.88)
and gravitino mass,
(2.89)
The suppression of the collectively broken SUSY scale by the number of lattice
sites in (2.87) is reminiscent of the suppressed scalar mass in little Higgs theories [2831], although in the present case the suppression is a tree level effect. It is also reminiscent of a related model, studied in Ref. [41, 42], in which SUSY is broken by a
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deconstructed Wilson line and Fayet-Iliopoulos terms at the boundary. The collective
SUSY breaking in that model gives rise to a suppressed SUSY breaking scale at the first
lattice site because the D-terms themselves are warped in that model. This is as opposed
to the present theory, in which the D-terms are equal along the lattice.
We can mediate the SUSY breaking via heavy messengers T and T connecting the
first lattice site to the MSSM, as in Figure 2.7. If we give the messengers a large mass
compared to the scale of the light modes (but potentially« Mpc), then the D-term at
the first lattice site splits the squared masses of the scalar fields in T and T by an amount
±2 (D 1 ). Fermion masses remain unchanged at tree level.
MSSM

T

-O=== ... ==0
FIG. 2.7: Coupling of the MSSM to the U(l)n theory.
Schematic representation of the coupling of the U(l)n theory to the MSSM via the
messenger fields T and T.
Because SUSY breaking is governed by D-terms, the collective D-term breaking in
our model only generates supersoft SUSY breaking terms [62]. As exposited in [62], in
the MSSM coupled toaD-term SUSY breaking sector, SUSY breaking scalar masses
first arise by a dimension-ten operator. If the gauge sector of the MSSM is enhanced
to that of N =2 SUSY in 4D, then additional SUSY breaking operators are possible, including supersoft Dirac gaugino masses
r-v

r-v

DIM and supersoft scalar squared masses

D 2 I M 2 • These operators are called supersoft because they do not give rise to log di-

vergences in scalar masses or in other operators. The phenomenology of such models is
interesting and, with the extended gauge sector, the spectrum of the theory interpolates
47

between that of gaugino mediation and gauge mediation [62]. However, due to the collective SUSY breaking in our U(l) moose model, the phenomenology here is somewhat
different. To examine this, we extend the MSSM gauge sector by adding MSSM adjoint
chiral multiplets A, enhancing the gauge sector to the content of N =2 SUSY multiplets.
F-terms can couple the messengers to the adjoint chiral multiplets of the extended
gauge sector of the MSSM via a Lagrangian of the form,
(2.90)
Here we assume that A has vanishing VEV s so that the MSSM gauge symmetry is
not broken by the adjoint scalars. Then T and T do not obtain VEVs, so the U(l) D
term VEV s are unchanged by the presence of the messenger fields. Integrating out the
messengers through diagrams containing the D-term vev gives rise to supersoft scalar
and gaugino masses [62]. However, because of the hierarchy in this model between the
vacuum energy and the D-term at each site, the gravitino need not be the lightest SUSY
particle even if M

«

mw, since m 3 ; 2

:Ei (Di) jMpz »

rv

Mpz with weak scale supersoft gaugino masses

rv

(D 1 ) /M

rv

(D 1 ) jMpz for a large moose. This is unlike the

generic supersoft theory in which a single D-term governs the scale of SUSY breaking
masses in both the MSSM and the supergravity sector and the gravitino can be naturally
light.

2.2.4

Section 2.2 Summary

Deconstruction provides a new paradigm for creating four-dimensional gauge theories. At some points in the space of link field vevs, a deconstructed theory may have
a simple description as the latticized version of a gauge theory in a higher-dimensional
space. At other points, there may be no simple correspondence, but the theory may
nonetheless possess some interesting phenomenological features of its extra-dimensional
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cousms. Much of the literature has focused on deconstructed fiat extra dimensions, in
which all the link fields have equal vevs, while somewhat less attention has been directed
toward warped spaces. In either case, the origin of the link field vevs and the mechanism that provides naturally for a warping of the theory space have met little scrutiny.
We have studied a number of explicit models to shed light on these issues.
In our nonsupersymmetric constructions, we have seen that a combination of translation invariance in the bulk and boundary corrections to the link field potential are often
sufficient to generate an exponential profile for the link field vevs. In these examples,
the bulk potential depends only on a few parameters and could be taken general in form,
aside from the constraint of translation invariance. Local minima of the potential could
be found that exhibited the desired warping, without a significant fine-tuning of parameters. The physical spectra of gauge and link fields consists of exponential towers,
with a 'pseudo-zero mode' for the link tower corresponding to the broken approximate
translational invariance of the moose. The mass of this state can be raised by including
appropriate higher-dimension operators. We found that the first few states in these towers can mimic the results expected for anti-de Sitter space, but that the spectra overall
deviate exponentially from the expected linear dependence on mode number. Perhaps
the most exciting possibility in these models is that this deviation could be discerned at
a future collider. In this case, one could learn whether the physics observed corresponds
to an underlying theory space or to a new physical space.
In the supersymmetric case, we focused primarily on an Abelian theory, where
the warping was accomplished via Fayet-Iliopoulos D-terms that forced the squares of
the link field vevs to grow by an additive factor as one moves along the moose. Aside
from providing an existence proof of supersymmetric versions of the type of models of
interest to us, this U(l)n model is particularly interesting in the way that supersymmetry
breaking occurs non-locally: without all n D-fiatness constraints (involving all of the
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n- llink fields) there would be supersymmetric vacua. In its simplest form, the model
has the peculiar feature that supersymmetry breaking appears only via the generation of
a cosmological constant, while the spectra of the physical gauge and link states remains
supersymmetric. In the case where the moose is allowed to couple to additional matter,
the delocalization of supersymmetry breaking implies that fields localized at a single
site experience a source of supersymmetry-breaking,

Dl, that is 1/n as strong as the

full amount available for gravity mediation leading, for example, to a heavy gravitino.
In addition, supersymmetry breaking is supersoft in this scenario. These features may
make our U(l)n model distinctive if it is applied as a secluded supersymmetry-breaking
sector for the minimal supersymmetric standard model.
The models we have presented suggest a path for building more realistic and economical models in warped theory space. The construction of useful warped non-Abelian
supersymmetric moose models and a study of the full standard model embedding in this
framework are directions worthy of future study.

2.3

Gravity and Electroweak Symmetry Breaking in a
RSIIRSII Hybrid Model
5 In

1999 Randall and Sundrum introduced two famous examples of warped extra

dimensions which led to interesting and distinct phenomenology (hereafter called RSI
[20] and RSII [71]). In the first model (RSI), a finite warped extra dimension living
between a positive and a negative tension brane was used to solve the hierarchy problem.
This model predicts Kaluza-Klein (KK) graviton excitations to have masses on the order
of a few TeV which could possibly be detected at the Large Hadron Collider (LHC) in
5 This

section appears in [70]. The work was completed in collaboration with Jong Anly Tan.
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the near future. In the RSII model, Randall and Sundrum considered a warped infinite
extra dimension. Although they no longer solved the hierarchy problem, they found that
four dimensional gravity can still be reproduced in an infinite extra dimension since the
corrections to Newton's Law at large distances are suppressed on the positive tension
brane.
Since these models were first introduced, many extensions of their work have been
proposed. Some of these extensions include adding extra branes to the bulk of RSII
[72-74], localizing gravity on thick branes [75], adding SM fields to the bulk of RSI
[64, 65, 76-78], Higgless models in an RSI background [79, 80], etc. In one of these
models [73], an extra negative tension brane was included in the bulk of the infinite extra
dimension of RSII. This model, if stable, was designed to solve the hierarchy problem
as in RSI but with an infinite extra dimension. However, it was found that when the
scalar gravity mode (radion) of the five dimensional graviton is carefully considered,
the theory becomes unstable [58, 81-84]. This instability arose since the kinetic term of
the radion in these theories was found to be negative [85]. The bulk stress tensor violates
the positivity of energy condition and the brane is unstable to crumpling. More recently,
Agashe et al. [86] pointed out that if one could stabilize a IR-UV-IR model with Z 2
parity about the UV brane, one could address the hierarchy problem naturally. They
argue that in an alternate UV-IR-UV model, one would have to add large brane kinetic
terms in order to solve the hierarchy problem. In Section 2.3.1 we propose a model
in which the negative tension brane is placed at an orbifold fixed point with positive
tension branes living in the bulk of an infinite, warped extra dimension (see Fig. 2.8).
The metric is given by ds 2

= e-A(y) dx 2

+ dy 2 where the warp factor is
ifO:SIYI:Sr

(2.91)

if IYI > r.
As in Lykken and Randall [72], this theory has a continuous KK spectrum while also
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solving the hierarchy problem. However, the phenomenology of our model is more of
a hybrid between RSI and RSII in which the KK gravitons of RSI become resonances.
Placing a negative tension brane at an orbifold fixed point projects out the negative
energy mode of the radion and therefore allows the theory to be stabilized. We calculate
the gravitational spectrum and show how this theory can be stabilized.
Hybrid Gravity Model

80
Positive Tension Branes
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FIG. 2.8: The Hybrid RSI/RSII gravity model.
The space is orbifolded around y = 0 and extends to infinity.
Warped extra dimensions have also proven to be interesting for models of Higgsless Electroweak Symmetry Breaking. In Cacciapaglia et al. [79, 80], SU(2) 1 x SU(2)Rx
U(l)B-L gauge fields were included in the bulk of AdS space. They showed that breaking SU(2) 1 x SU(2)R down to SU(2)D on the TeV brane protects the p parameter from
corrections since the broken SU(2) gauge group shows up as a custodial symmetry in
the holographic interpretation [87-91]. It was found, as in technicolor theories, that an
order one S parameter is produced in conflict with experiments. In order to address this
problem, a Planck brane kinetic term was added which was found to decrease the S parameter but at the price of destroying unitarity. They also added a U(l)B-L brane kinetic
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term to the TeV brane which also lowered the S parameter but at the price of making T
nonzero. More recently Carone et al. [92] showed that a holographic UV-IR-UV model
can be constructed, with SU(2)LxU(l)B-L gauge fields in the bulk, in which a custodial
symmetry is generated without introducing a SU(2)R gauge group. They found that like
the standard higgsless model, the S parameter is too large. In Section 2.3.2 we modify our hybrid model to include gauge fields in the warped extra dimension. Following
Csaki et al. [79, 80], we include SU(2)Lx SU(2)Rx U(l)B-L gauge fields in the bulk and
use boundary conditions to break the symmetry in order to reproduce the SM on one of
our branes. In order to have a normalizable photon, we have brought in another negative
tension brane from infinity to cut off the space at an orbifold fixed point (see Fig. 2.9).
We find corrections to the p parameter are suppressed, signaling that an approximate
custodial symmetry is preserved. We calculate oblique corrections in this model and
find that as the added slice of the extra dimension increases, the S parameter decreases.
We stress that this method of reducing the S parameter appears to keep corrections to the
p parameter suppressed for a decrease in

S up to 60% compared to the original higgsless

model.

2.3.1

Gravity in the Hybrid Model

Our theory is defined by placing a negative tension brane at an orbifold fixed point
(y = 0) in an infinite fifth dimension (the TeV brane). Two additional positive tension

branes are added at the points y =

±r (the Planck branes). It is important to point out

that unlike the theories proposed in [72] and [73], we place the TeV brane at the orbifold
fixed point which (as we will discuss later) stabilizes the Radion mode (see [85]). The
Z 2 symmetry demands that the tensions of the two additional Planck branes be equal.
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Hybrid Higgs less Model
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FIG. 2.9: The Hybrid RSIJRSII higgsless model.
The space is orbifolded around y = 0 and ends at the location of the outside negative
tension branes (y = ±(r1 + r 2 )).
The action takes the form.

S

=

jd
-

5

xFiW [2M;il'R -A,-~ V,O(y)
-g(5)

l

~V2 {b(y+r)+b(y-r)}.
F?0
y-g(5)

(2.92)

If we assume four-dimensional Poincare invariance, the metric is given by
ds 2 = 9M N dxM dxN

(2.93)

with

9MN(x~',

y)

=

-e-A(y)

0

0

0

0

0

e-A(y)

0

0

0

0

0

e-A(y)

0

0

0

e-A(y)

0

0

0

0

0

1

and
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0

(2.94)

if 0

:S

if IYI

IYI :S r

(2.95)

> r.

As in [20], the assumption of four-dimensional Poincare invariance leads one to derive the tension of the Te V brane located at y

= 0 to be V1 = - 24M;(l 3 k 1 and the cos-

mological constant between the Planck and TeV branes is A1 = -24M;() ki. Likewise,
the tension on the Planck brane located at y = r is found to be V2 = 24M;()3(k1

+ k2 )

and the cosmological constant outside the Planck branes is A2 = -24M;() k~. It is useful to transform the metric to manifestly conformally flat coordinates, where Einstein's
equations take a simpler form. In these coordinates, the metric takes the form

9MN(x1-L,z)

=

e-A(z)diag(-1, 1, 1, 1, 1)

(2.96)

where
1

(2.97)
"f
1 Z

1

(k2\z\+C)2

Now the Planck branes are located at
- k2 I k 1

+ exp [- k 1 r] (1 + k2 I k 1 )

zb

=

> Zb·

±(1 - e-kl/r)lk1 and the constant C

=

is chosen such that zb is the same for the two slices of

AdS space.

Kaluza-Klein Modes
For now we will just consider the spin-2 fluctuation of the metric. The scalar mode
(radion) will be discussed in the following section. Consider a pertubation of the form
(2.98)
The transverse traceless solution can be written as hJ.Lv(x, z) = e3 A(z)1 4 hJ.Lv(x)'lj;(z)
where 0 4 hJ.Lv(x) = m2 hJ.Lv(x) and

[-a;+ V(z)] 'lj;(z)
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=

m2 '1j;(z).

(2.99)

The potential V(z) is found to be [71]

As usual, since the equation of motion for the Kaluza-Klein modes can be written in the
form {JtQ'ljJ(z) = m 2 1/J(z) with Q = Oz

+ (3/4)A'(z), there is a zero mode solution

that satisfies Q 1/Jo (z) = 0:

'ljJ 0 (z)
N is found by normalization: N =

=

3
N exp[- A(z)].

(2.100)

4

[f exp[-3/2A(z)]dz] - 112 .

The higher KK modes are found by solving equation [2.99] subject to the following
boundary conditions and normalization:
1) 1/Jm(z) is continuous at the Planck branes

2)

(z

=

±zb).

1/J'm(z) is discontinuous at:
a) the TeV brane: ~(1/J'm(z))lz=D = 3kl1/Jm(O).
b) the Planck branes:

~(1/J'm(z))lz=±zb
3)

=

-~ ( -klf:bl+l + k2l~l+C) 1/Jm(±zb).

1/Jm(z) approaches a normalized plane wave solution for very large z.

The solution is

1/Jm(z)

=

( -lzl
{ (lzl

+ 1J

+ ~)

112

[amY; ( m [-lzl

112

[a'mY; ( m [lzl

+ k\]) + bmJ2 ( m [-lzl + 1
1

+ ~]) + b'mJ2 ( m [izl + ~])]
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])]

if lzl ::; zb
if lzl > zb.

The boundary conditions and normalization give the following relationships among the
coefficients:

+ bm12 ( m~klr)

=

1
2
G:) / [a~ y, ( mek~k,,) +b~

amY1(mjk1)

+ bmJ1(mjki)

+ bm11 ( me~klr)

G:)

1/2

J, (

m:~k,')

l

(2.!0!)

(2.102)

= 0

=

[a~ Y, ( mek~k,,) +b~ J1 ( mek~k,') Jcz.J03)
(2.104)

KK Mode Spectrum at z=O
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FIG. 2.10: Mass Spectrum for both the Hybrid RS (solid) and RSl (dashed) models.

The Hybrid RS model's spectrum was normalized by the zero mode's value at z=O.
Unlike the RSl model, there is a continuous spectrum of graviton modes (all m > 0 are
allowed). The RSl spectrum is discrete and given by mn = k1 Xn, where
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Xn

denotes the

zeros of J 1 ( x) [93] 6

.

In Fig. 2.10 we compare the Hybrid RS KK spectrum to that of

RS 1. We have chosen order one parameters such that k1 r = 30. The resonances in the
spectrum correspond nicely to the discrete spectrum found in RS1. Since the modes are
suppressed compared to the zero mode, the corrections to Newton's Law are small:

1oo -1- I?/Jm(O)I2 e-mlx-x'l dm
2M; lx- x'l
2M;
lx- x'l
_1_I?/Jo(O)I2 (1 + 1oo e-mlx-x'II?/Jm(O)I2 dm)
2

1 I?/Jo(O)I2
V(x z = 0 x' z' = 0) = - +
'

'

'

0

1

rv

2M;z

lx- x'l

1

o

11/Jo(O) 1

·

Radion Stabilization
As mentioned above, placing the Te V brane at the orbifold fixed point will allow
the radion mode to be stabilized. To see this we need to include the spin-0 fluctuation
of the 5 dimensional graviton. The proper way to include this mode was discussed in
[85] and [94]. It was found that the metric can be written in such a way that the spin-2
calculation goes through as done above and is decoupled from the spin-0 radion mode

(j(x)). For the metric given in Equation 2.95, Pilo et al. [85] found that the effective
four dimensional lagrangian contains the term
5 3

£ :=l 24M(pl )
2kl

(

1-

e-2k1r

k2
k2

+ kl

)

J

J=gd4xf0f.

(2.105)

Since the kinetic term is always positive in our model, positivity of energy is not violated. The radion can be stabilized using a mechanism like the one introduced by
Goldberger and Wise [95, 96].

2.3.2

Higgsless Symmetry Breaking in the Hybrid Model

In this section we will put SU(2)L x SU(2)R x V(l)B-L gauge fields in the bulk.
The metric is given by (2.96) (see Fig. 2.9). However, unlike before, in this section we
6

Since we have normalized the metric to be 1 at the TeV brane instead of the Planck brane as done in
RS 1 [20], our spectrum is multiplied by exp[k 1 r] as compared to the solution found in [93]
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cut off the infinite extra dimension in order to make the massless mode normalizable
7

•

y

This is accomplished by adding a negative tension brane at an orbifold fixed point:
= (r1

+ r2)

(or

z

= Zb2 = 1/k2(eCk2 r 2 -k 1 q)- k2/k 1 (e-k 1 r 1 -1

+ ki/k 2e-k1 q))

in

z-coordinates). The 5D action for this model is:

where RMN' LMN' and BMN are the SU(2)L, SU(2)R, and U(l)B-L field strengths.
Using the same procedure as [79, 80], we choose to work in unitary gauge where all
KK modes of the fields L5, R5, B 5 are unphysical. Boundary conditions were imposed
to break the SU(2h x SU(2)R x U(l)B-L symmetry to the Standard Model at z = zb 2
and to SU(2)D x U(l)B-L at z = 0. The boundary conditions are:

z = 0:

az(L~ + R~) =
{ L5 + R5

azLaJL =
z

=

Zb2 :

g5

L~- R~ =

az(L5- R5)

0, azBJL = 0,

= 0,

Bs

= 0,

(2.107)

= 0

0 ' R JL1 ' 2 = 0

az(gsBJL + 9sR~) = 0, 9sBJL- gsR~ = 0,
L5

where g5 and

= 0,

0,

R5

Bs

= 0,

(2.108)

= 0

are the 5D gauge coupling for SU(2h

'

R

and U(l)B-L respectively.

In addition to the boundary conditions we impose continuity for the wave function at
z = zb. The bulk equation of motion for the gauge fields is

[a;,- :,az' + k~rJ 1/J(z') = o

(2.109)

'

where z' = -k1z

+

1 or k 2z

+C

for 0 ::; z ::; zb and zb ::; z ::; zb2 respectively. The

7

We will now use r 1 instead of r to denote the distance of the first brane to the origin. Also we will
only consider half of the space for most of the discussion since the other half is obtained by orbifolding
about the origin
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solution to this equation is given by
d

1/Ji

{

=

(-klz+l)(afll(qi(-z+l/ki))+bfYl(qi(-z+l/kl))), O:Sz:Szb
(k 2z +C) (a: a J1 (qi(z + C/k2)) + b:aYi(qi(z + C/k2))), zb :S z :S zb2
(2.110)

where d labels the corresponding gauge bosons (W±, L3, B, R3). Following [79, 80],
we expand the fields in their Kaluza-Klein modes as follows:
(X)

~ aor(x) + L 1/Jf(z)Z~(x)

Bll-(x, z)

95

(2.111)

j=l
(X)

~aor(x) + L 'l/JJ 3 (z)Zt(x)

L~ (x, z)

95

(2.112)

j=l
(X)

~aor(x) + L 'l/Jf3 (z)Zt(x)

R~(x, z)

95

(2.113)

j=l

(X)

L 1/Jf±(z)W~±(x)

L'!(x, z)

(2.114)

j=l
(X)

L 1/J:± (z)W~±(x)

R'!(x, z)

(2.115)

j=l

Oblique Corrections

FIG. 2.11: Vacuum Polarization diagram.
The vacuum polarization (denoted i II j~ (q2 )) diagram involving gauge bosons I and J.

An oblique correction is a radiative correction that only appears in the vacuum
polarization diagrams of the gauge bosons (see Fig. 2.11). The vacuum polarization is
defined as the Fourier transform of the expectation value of a time ordered product of
currents

iiij~(q 2 )

_

J

d 4 xe-iqx(Jj(x)
60

J~(O))r ~ i911-viiu(q 2)

(2.116)

where we have ignored the terms proportional to qJ.l qv since these terms contract with
lepton currents and are suppressed due to small fermion masses. These corrections are
therefore the same for all leptonic scattering processes that couple to the electroweak
bosons. If the corrections we are calculating are due to particles with a mass mnew much
larger than the Z, then we can expand the polarization terms to order q2 , neglecting the

(m;;m;ew) corrections [97]:
IIQ Q(q2)

,...._
,...._

2
q IIQ Q (0),

(2.117)

II3Q(q 2)

,...._
,...._

2
q II~ Q (0),

(2.118)

II3 3(q2)

,...._
,...._

II3 3(o)

+ q2 II~ 3 (o),

(2.119)

IIu(q 2)

,...._
,...._

IIu (0)

+ q2 II~ 1 (0).

(2.120)

The constant piece vanishes in QED due to the Ward Identity [1]. To quantify electroweak corrections, we can parameterize the loop corrections to certain quantities in
terms of the fermi constant Gp, the fine structure constant a, the Z mass, and three
linear combinations of the vacuum polarization coefficients. These linear combinations
are called the Peskin-Takeuchi parameters and are given by [97]:

s

16n(II~ 3 (0) - II;Q (0))

(2.121)

T

47r
. 2e
e M (IIu(O)- II33(0))
sm wcos 2 w z2

(2.122)

u

16n(II~ 1 (0)- II; 3(0))

(2.123)

These parameters are measured to be small and therefore any new physics should not
contribute large corrections to them.
In order to to ensure our corrections are oblique, we adjust the coupling of the
fermions localized at z

=

zb 2 so that the zero mode couplings are equal to the SM
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couplings at tree level. For our model the relations are

95- '1/J(B)(
1
Zb2 )
95'1/Jl(L3) (Zb2 )
95'1/Jl(L±) (Zb2 )

9'2
92

(2.124)

9

(2.125)

95'1/Jl(L3) (Zb2 )

9cosBw

(2.126)

For the photon kinetic term, we canonically normalize it as follows:

z,

(2.127)

I

(2.128)

Equations (2.125) and (2.126) are used to determine the correct normalization for theW
and Z wavefunctions.
Given the gauge field's wavefunctions, we calculate the oblique corrections using
the relations between the vacuum polarization and the wavefunction renormalization:

z, = 1- IIQQ' Zw = 1- 9 II~ 1 , and Zz = 1- (92+ 9' )II~ 3 [97]. The wavefunction
2

2

renormalizations are give by

Zw

=

1:bb22

['1/Jw] 2e-A(z)/2dz

1::: ([1/JL+]2 + [1/JR+J2) e-A(z)/2dz

(2.129)

1:bb22 [1/Jz] 2e-A(z)/2 dz

Zz

1:bb22 (['1/J£3]2 + [1/JR3J2 + [1/JBJ2) e-A(z)/2dz,

(2.130)

and the zero momentum vacuum polarizations are

IIu(O)

:21:b22
2~
9

([oz'l/JL+ J2+ [oz'l/JR+ J2) e-A(z)/2dz

,2jzb2 ([oz'l/JL3] 2+ [Oz'l/JR3] 2+ [Oz'l/JB] 2)
9

(2.131)

e-A(z)/2d~2.132)

-Zb2

(2.133)
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S Parameter vs. r2

FIG. 2.12: The S parameter as a function of r 2 •
Since we are only considering the tree level corrections,

II~Q =

0. As an input to

our model, we use the values of the SM electroweak parameters at the Z-pole: Mw =
80.045 GeV, sin 2 Bw = 0.231, and a= 127.9. We also assume k1 r 1 = 30. In the limit
r 2 ----+ 0, Mw sets the size of the extra dimension to be r 1 = 68.5 TeV- 1 . Since this is the

limit of the standard higgsless model, we find T =

u = 0 and s

rv

67r I (g 2 ( kl rl))

rv

1.4

as in [79, 80]. Since we are only interested in showing that the S parameter decreases
while preserving T""' 0 and unitarity, we do not do a complete survey of the parameter
space. For our analysis we set k2 to be equal to the value of k1 in the r 2

----+

0 limit. As

we increase r 2 , we find r 1 decreases in order to produce the proper Mw. Fig. 2.12 shows
the behavior of the S parameter as we increase r 2 • We find the S parameter decreases
by as much as 60%. Extending the space beyond the Planck brane therefore provides
another way of reducing the S parameter in higgsless models in addition to including
bulk gauge field kinetic terms [80] and placing fermions in the bulk [98, 99].
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2.3.3

Unitarity and Future Work

The model presented in Section 2.3.2 breaks electroweak symmetry without a
Higgs boson in the spectrum. However, the Higgs is needed in the SM to protect perturbative unitarity in longitudinal scattering of the weak interaction bosons [100]. If the
weak interactions are to stay perturbative in our model, we need to make sure unitarity
is not violated. To check this we will consider the elastic scattering of longitudinal W
bosons (see Fig. 2.13).

FIG. 2.13: Longitudinal w+ w- Scattering.
Elastic Scattering of longitudinal W bosons. The tree level process in the Standard
Model has 7 diagrams in the unitary gauge: 1 4-pt diagram, 2 Z exchange diagrams, 2
1 exchange diagrams, and 2 Higgs exchange diagrams. All neutral current exchanges
happen through both the s and t channel.
We can use the unitarity of the S-matrix to place a bound on the partial-wave amplitudes of scattering processes. The partial wave expansion for the scattering amplitude
Misgiven by M

=

167r 2: 1 (2J

+ 1) a1 (s) P1 (cos B) for states with the same ini-

tial and final helicity. For elastic scattering of identical particles in the center of mass
frame, the partial wave amplitude a1 ( s) can be related to the S-matrix element with total
angular momentum J (S(J)) by [101]
(2.134)
where y'S is the center of mass energy. The constraint (S(J))t (S( 1 ))
in terms of the partial wave amplitude as

la1

1 :::;
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s 1/ 2 /

(2IPcml).

=

1 can be written

In the high energy limit

this becomes
(2.135)
For a perturbative theory, this bound can be imposed at each order. In 1977, Lee, Quigg,
and Thacker used unitarity bounds to constrain the Higgs sector of the SM [100]. To
accomplish this, they considered the scattering amplitude of Wt W£ ~ Wt W£:
(2.136)
where t = -2p~m (1

+ cosfJ), fJ is the scattering angle, MH is the Higgs mass, and GF

is the Fermi constant. The zeroth partial wave amplitude is given by
+
+ _
G F M'k (
a 0 (WL W£ ~ WL WL) = - S1rv'2 2 +

8

M'k
M'k {
s })
M'k - - 8-ln 1 + M'k
.

_

(2.137)
Applying the constraint given above for energies large compared to the Higgs mass, they
obtainedMH:::; (47rJ2/GF) 112

,......,

1.2TeV.Byconsideringallchannels,theywereable

to put an upper bound on the Higgs mass of 1 TeV. Therefore, if the Higgs obeys this
bound, weak boson interactions maintain perturbative unitarity.
If one considers the opposite limit where the Higgs decouples from the theory, the

theory violates the unitarity bound at a center of mass energy yfs =

V

l61r / ( J2 G F)

>=::::!

1.8 TeV [102]. In theories without a Higgs, such as the theory presented in Section 2.3.2,
new particles must couple to theW boson at energies below 1.8 TeV or else perturbative
unitarity is lost. In Higgsless theories, the Kaluza-Klein (KK) excitations of the gauge
bosons serve this purpose (see Fig. 2.14). To show this, Csaki et al. showed that at
high energy the elastic scattering amplitude of the longitudinal component of the

nth

KK mode is given by

iM

= i

(M( 4 )~
+ M( 2 )_s_2 + M(o) + 0 (M~))
M4
M
s
n

n
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.

(2.138)
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FIG. 2.14: Tree level elastic scattering.
Tree Level elastic scattering diagrams of identical bosons. (a) 4 pt. vertex (b) s channel
(c) t channel (d) u channel
In order for these terms to not violate perturbative unitarity at large energy, we need
the terms that grow with energy to be suppressed. The fourth order coefficient is given
by

M(

1

)

(

g~nnn- ~ g~nk) (!"'' J""'(3 + 6cosB- cos

2

B)

-2(3- cos2 e)rce fbde).
In order for this term to cancel, the sum rule g~nnn

= Lk g~nk

must be satisfied. If the

fourth order term cancels, the second order term is found to be

M (2)

1 ( 4 9nnnn M2n

= M~

-

3""'
2 M2)
(face jbde _ Sl·n2 ~ jabe jcde)
L;: 9nnk
k

2

(2.139)
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Therefore in order for perturbative unitarity to be satisfied at large energies, we need to
check that the sum rules between the effective four dimensional couplings

L

2

9nnnn

9~nk

(2.140)

3L 9~nkM~

(2.141)

k

4gnnnn M~

k

become suppressed as energy increases and more KK modes are accessed. Since we are
focusing on the scattering of longitudinal W bosons, n = 1. The effective couplings are
given by

g~

9inl
911k

=

l:b:

9sl:b22

e-A(z)/2 {

(1j;1L±)4 + (1j;~±)4} dz

(2.142)

e-A(z)/2 {

(1j;1R±)2 1j;:3 + (1j;(±)2 'lj;kL3} dz.

(2.143)

In the first sum rule, we also need to include the coupling (e) of the W boson to the
photon.
For r 2 = 60 the first excitation of the Z has a mass of 1.62 TeV. This is below 1.8
TeV where perturbative unitarity breaks down for the elastic scattering of longitudinal
W bosons without a Higgs. This excitation may therefore help protect unitarity. The
effect on the sum rules when the first two excitations are included is shown in Table 2.1.

TABLE 2.1: Sum Rules including the first two excitations of the Z. Residuals of the sum
rules for: (a) the standard model electroweak gauge bosons only, (b) including the first excitation (Z'), and (c) including the first two excitations.

Sum Rule

SM Only

SM and Z'

SM and 2 KK modes

0.004

0.003

0.003

0.255

0.121

0.009

Future work on this model will include testing the sum rule over a larger range
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of excitations. In addition, the full scattering amplitude (including the constant term)
will be analyzed at intermediate energies by checking that between each KK mode, the
unitarity bound, Eq. (2.135), is satisfied. There are two other methods commonly used
to reduce the S parameter in higgsless models: including bulk kinetic terms for the gauge
fields [80] and placing the fermions in the bulk [98, 99]. Future work will combine our
model with these other methods of reducing the S parameter and survey the parameter
space for a region in which the model is in agreement with precision electroweak data
and unitarity is preserved.

2.3.4

Section 2.3 Summary

In Section 2.3.1, we presented a model that is a hybrid between RSI and RSII.
The model has a negative tension brane located at an orbifold fixed point (y
two identical positive tension branes located at y

=

=

0) and

±r. The fifth dimension extends to

infinity as in RSII, however the presence of the positive tension branes produces graviton
resonances which coincide with the discrete RSI spectrum. This model is attractive
since it both solves the hierarchy problem and produces a continuum of KK graviton
modes. As in both the RSI and RSII models, four dimensional gravity can be recovered.
Stability of our model is ensured by placing the negative tension brane at an orbifold
fixed point.
In Section 2.3 .2, negative tension branes were brought in from infinity to cut off
the space at an orbifold fixed point. We included SU(2)Lx SU(2)Rx U(l)B-L fields
in the bulk and broke to the Standard Model on the far brane. The distances between
the branes are scaled as to produce the correct W mass. As in standard higgsless electroweak symmetry breaking models, a large S parameter along with vanishing T and U
parameters were found when the second slice of our space was shrunk to zero. As the
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second slice of our space was increased, the S parameter was lowered while corrections
to both T and U remained suppressed. We also find the lightest W and Z excitations
stayed below 1800 GeV, possibly preserving unitarity. In conjunction with using brane
kinetic terms and placing fermions in the bulk, this could be used as a useful mechanism
for lowering the S parameter in higgsless models of electroweak symmetry breaking.
Future work on these models could include trying to incorporate both higgsless
electroweak symmetry breaking and solutions to the hierarchy problem into a single
model. It would also be interesting to explore how this model compares to other known
mechanisms used to lower the S parameter.
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CHAPTER3
Sensitivity and Insensitivity of Galaxy
Cluster Surveys to New Physics
1

In this era of precision cosmology, a wide variety of cosmological and astrophys-

ical observations are providing strong constraints on the composition of our universe.
Among these are studies of the cosmic microwave background (CMB) [12-14], large
scale structure [15, 16], luminosity-redshift curves of Type Ia supernovae [10, 11],
galaxy rotation curves [104, 105], and light element abundances [106, 107]. A relatively consistent picture of the universe has emerged in which the current universe is
flat (0

=

1), contains about 20% of its energy density in nearly pressureless cold dark

matter, about 76% in dark energy (OA

=

. 76),

and the remainder in ordinary matter

described by the Standard Model of Particle Physics (SM) [12-14]. (We take Om to
be the sum of the cold dark matter and Standard Model matter, including neutrinos, so

Om= 0.24 by the above estimates.) The flatness of the universe and the spectrum of initial density perturbations is explained by the paradigm of inflation. On the other hand,
1This

section appears in [103]. This work was completed in collaboration with Josh Erlich and Neal

Wiener.
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dark matter and dark energy provide a challenge for particle physics. The influence
of dark matter on galaxy rotation curves, the CMB, and most directly in the observed
separation of dark matter and baryonic matter in the "Bullet cluster" [108], provides
conclusive evidence that there are new types of particles which have not been observed
in particle physics experiments and are not described by the SM; and it may be argued
that the observation of dark energy in the expansion history of the universe hints at new
gravitational physics.
The incredible precision of lunar ranging measurements produce some of the strongest
constraints on new gravitational physics [109], but only on local phenomena that would
be occuring here and now. The overall expansion history of the universe constrains the
influence of new physics on the largest of scales, and indeed the luminosity-redshift
curves of Type Ia supernovae have provided the most direct evidence for dark energy.
The formation of structure in the universe is also highly dependent on gravitational and
particle interactions, and since structure has had a relatively long time to form, galaxy
and cluster surveys provide another useful probe of the amount and features of dark
matter and dark energy, as well as other new physics. The purpose of this paper is to
examine the importance of galaxy cluster surveys in testing of new ideas in gravitational
and particle physics. (See also [110-112].) It is certainly not a new idea to use structure
formation to constrain cosmological models. Indeed, the Press-Schechter formalism for
predicting counts of virialized objects is more than 30 years old [113]. Clusters are the
largest virialized objects in the universe, and as such provide a useful probe of structure formation. Collisions of hydrogen atoms in the intracluster gas produce X-rays,
and track the gravitational potential well in a cluster [114]. As a result, X-ray surveys
have provided reliable and complete surveys of galaxy clusters in various regions of the
sky. Serious studies of the properties of X-ray clusters for this purpose began in the
1980's [115-118]. It was suggested by some groups that cluster surveys were in con71

flict with the Concordance Model (Om

=

0.3, CJ8

,.....,

0.9) [119-122]. It now seems that

the HIFLUGCS cluster survey is in agreement with the most recent Cosmic Microwave
Background data (Om

=

0.234 and

CJ8

=

0.76) [12-14, 123]. Our analysis with the

ROSAT 400 Square Degree data set is also in agreement with CMB data if a large scatter is assumed in the relation between cluster mass and temperature. Otherwise, our
analysis prefers cosmological parameters closer to the old Concordance Model.
The particle physics community has not yet embraced cluster technology for the
purpose of testing physics beyond the standard model. In large part this is because of
limited statistics and uncertainties in the theoretical models of structure formation and
cluster dynamics. However, while supernovae are sensitive to the geometry (and opacity) of the universe, while structure growth is sensitive to its clustering properties, these
are truly complementary approaches, as argued by Wang et. al [124]. However, since
cluster surveys can provide constraints on new physics complementary to other cosmological constraints, they deserve to be in the arsenal of the particle physics trade. A
purpose of this paper is to review and introduce much of the technology involved to the
particle physics community. As an example of the application of cluster surveys to particle physics and its limitations, we study the significance of current and future surveys
for constraining dimming mechanisms such as the photon-axion oscillation model of
Csili, Kaloper and Terning [125-127]. To motivate consideration of dimming mechanisms, we note that while there are numerous models of particle physics beyond the SM
which provide dark matter candidates, the nature of the dark energy is more of a mystery. Constraints on the dark energy equation of state from WMAP and the Supernova
Legacy Survey (SNLS [128]) suggest that, assuming a flat universe, w
[12-14], where p

= wp

=

-0.97 ± 0.07

is the linearized equation of state relating the pressure of the

dark energy fluid p to its energy density p. The value w

= -1

describes the vacuum en-

ergy, or cosmological constant. However, naive particle physics estimates of the vacuum
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energy are dozens of orders of magnitude too large, so it is well motivated to consider
alternative models.
If a new pseudoscalar particle existed with a certain range of mass and axion-type

coupling to the electromagnetic field, then distant objects would appear dimmer than
expected because a fraction of the light emitted by the stars in a galaxy would have been
converted to axions while traversing the intergalactic magnetic field [125-127]. It would
be necessary to reevaluate the evidence for acceleration of the universe if the dimming of
distant supernovae could be explained without a cosmic acceleration. At the time when
the photon-axion oscillation model was proposed, a universe without acceleration could
not be ruled out if one allowed for such a dimming mechanism. Since that time, new
data has provided stronger constraints on the equation of state parameter of the dark
energy, and a model without acceleration is currently disfavored [12-14]. However,
photon-axion oscillations (or any other viable dimming mechanism) could still exist,
and would lead to an apparent decrease in the dark energy equation of state parameter,
a possibility which remains open [129].
A dimming mechanism would also affect flux limited galaxy cluster surveys. Some
distant galaxy clusters which would have otherwise been bright enough to be detected
in a flux limited telescope, may become too dim to be detected as a result of photon loss,
but it is not a priori obvious what the implications for cosmological analyses would be.
Although the appearance of clusters would be affected by such dimming, such effects
can be absorbed into the measured evolution of the luminosity-temperature relation.
At any rate, clusters provide an independent test of the nature of dark energy which
is complementary to supernovae, and thus potentially constraining of models such as
dimming mechanisms.
In the following, we will attempt to provide a thorough review of how cosmology
relates to theories of structure formation and our observations. Our analysis relies on
73

several assumptions regarding cluster luminosities and their evolution. A better theoretical understanding of the evolution of cluster properties is desirable (however, see
Ref. [130]). On the other hand, since the apparent evolution of cluster luminosities has
been measured [131, 132], cluster counts provide more direct constraints on new physics
that would affect the formation of clusters rather than their appearance. We will use the
400 Square Degree ROSAT survey [133] (hereafter referred to as 400d) as our primary
data set. We also use the 400d survey to constrain the standard ACDM cosmology,
which does not require a theoretical understanding of the mechanisms of luminosity
evolution.
In Section 3.1 we review the statistical models of structure formation based on the
Press-Schechter formalism [113]. In Section 3.2 we analyze the possibility of photonaxion oscillations in light of current galaxy cluster surveys. Interestingly, while supernovae surveys can be dramatically affected by dimming, because the redshift evolution
of luminosity and temperature is measured, the studies of cluster count evolution are
remarkably insensitive to it (although the total counts, themselves, are). In Section 3.3
we present our statistical analysis of cluster constraints for standard cosmology, and
thus demonstrate the techniques which are simply applied to other theories of modified
dark matter or dark energy. In Section 3.4 we examine the significance of future cluster
surveys for probing new gravitational and particle physics.

3.1

Analytical Models of Structure Formation
Although the state of the art in structure formation involves elaborate n-body sim-

ulations, much can be understood within simple, analytical models. In this section we
summarize the basic theory behind structure formation in the universe and how the theory is compared with galaxy cluster surveys. The review is simplified, and does not
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contain new results, but we hope it contains enough of the basic ideas so that particle
physicists can easily ap'ply the formalism to constrain new physics. There are a number
of excellent reviews on structure formation in the literature that are substantially more
comprehensive than this one, such as Refs. [134, 135]. Techniques for comparing the
models to X-ray cluster data are somewhat scattered in the literature, though recent cluster surveys provide useful background with their catalogues, as in Refs. [120, 133, 136].
Our goal is to simplify the discussion to its bare essentials without forfeiting too much
of the underlying physics, making use of the fact that others have performed the complicated simulations necessary to test both the phenomenological models of hierarchical
collapse, and hydrodynamic scaling relations between cluster mass and observational
quantities like cluster temperature. Simulations suggest that the simplified models of
structure formation and X-ray cluster dynamics are accurate enough to constrain new
physics by building the new physics on top of these models. While simulations are
not in perfect agreement with these models [137], agreement is good enough that these
models serve as a useful tool in studying the evolution of structure.

3.1.1

The Press-Schechter Formalism

The CMB provides strong evidence that the universe was homogenous to a part
in 10 5 at the time that atoms formed during recombination. However, as the universe
expanded structure formed due to the gravitational collapse of these small fluctuations
into progressively larger objects. The precise way in which structure formation occurs
is sensitive to the composition of the universe. Smooth, unclustering dark energy, for
example, leads to a faster expansion of the universe and hinders formation of structure
on large scales. Since the evolution of structure depends on the composition of the universe, comparison of models to observations provides an important probe of cosmology.

75

The Press-Schechter (PS) formalism [113] provides a simple model for translating cosmology into number counts for structures on arbitrary length scales, as a function of
mass and redshift. Here we summarize only the main results of this formalism, but there
are many lengthier discussions in the literature justifying this approach and deriving the
relevant results quoted below (e.g. Refs. [134, 135]).
The spherical collapse model of Press and Schechter imagines that initially overdense regions of the universe collapse with spherical symmetry, in an otherwise homogeneous universe. As the universe expands, only objects with a density above a critical
value will have collapsed and virialized by any given time. For the remainder of this
discussion we assume a fiat universe with

nm + nA =

1. In terms of the cosmological

parameter nf ( z)' where
(3.1)
the critical overdensity at the time of virialization in the linearized spherical collapse
model is given by [138]:
(3.2)

In the Einstein-de Sitter universe with nm

=

1, b~c

~

1.69. In order to compare with the

density field observed today, we need to account for the evolution of the universe. Since
virialized objects are nonlinear fluctuations of the background density field, it would
seem difficult a priori to describe analytically the evolution of the statistical distibution
of density perturbations. It was the observation of Press and Schechter that since the
original spectrum of density perturbations was approximately Gaussian, and because
the precise nonlinear evolution of those density perturbations is unlikely to significantly
modify the mass contained in collapsed objects, a linearized approach can be justified
for modeling the distribution of massive collapsed objects.
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In the linear model, density perturbations grow proportional to the growth factor
D(z), and thus the linearized overdensity of an object that virialized at a redshift z has
grown by

be (z)

= b~e

D(O)D(z)- 1 ,

(3.3)

where the linear growth factor is defined as [139, 140],
2

D(z) = 2.5 DmH0 H(z)

loo (1H(z')3
+ z') '
dz ,
z

(3.4)

and H ( z) is the Hubble parameter at redshift z,
(3.5)

Below we will use H 0

= lOOhkm/s/Mpc with h = 0.73 [12-14].

If one assumes a Gaussian distribution, the probability of a given collapsed object
of mass M having an overdensity in the linearized model larger than be (z) today is
(3.6)

By differentiating p(be, M) with respect toM and dividing by the volume (Mjp) one
gets the number density of objects with mass between M and M +dM. The present day
mean matter density of the universe is p = 2.775 x 10 11 Dm h 2 M 0 Mpc- 3 [141]. In this
simplified picture of structure formation, small objects become bound first, followed by
larger structures. Galaxy clusters are the largest virialized objects in the universe in the
current epoch, which makes them especially suitable for study by this approach.
The variance in the distribution of density fluctuations in the universe, O"(M) 2 =

(( bM/ M) 2 ), is typically normalized to spheres of radius 8 h- 1 Mpc:
(3.7)
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where a 8 is fit to cosmological data.

W (x)

=

The function W (x) is a top-hat filter,

3 (sin x - x cos x) I x 3 , so that a (M) is the variance of the mass distribu-

tion in spherical volumes of radius R (M) = [3MI (4np0 ) ] 113 . The initial power spectrum is usually assumed to take the scale-free Harrison-Zel'dovich form P(k) ex: kn,
with n = 1. As the universe expanded density perturbations grew at different rates
through the radiation dominated era to the present era. Likewise different size fluctuations crossed the particle horizon at different times. The power spectrum therefore
varies from the Harrison-Zel'dovich spectrum in a wavelength dependent way. Assuming linearity, i.e. an absence of mixing of modes with different wavenumbers, the power
spectrum evolved from early times may be written asP( k) = T( k ) 2 k,Z where the transfer function, T(k), takes the primordial power spectrum to the present day. Ask

T (k)

-->

-->

0,

1 [ 143] because large enough wavelength fluctuations have not crossed the

particle horizon and therefore keep their primordial spectrum. This also means that the
initial time can be taken to be any time before which fluctuations of interest would have
crossed the horizon. The form of the transfer function is found by analyzing numerically physical processes that would modify the power spectrum over time. For cold dark
matter, Bardeen, et al. [144] found,

T (k)

ln (1
X

[1

+ 2.34q) I (2.34q)

+ 3.89q + (16.1q) 2 + (5.46q) 3 + (6.71q) 4 ] - 1 / 4

(3.8)

where q(k) = kl (nmh 2 Mpc- 1 ) in the absence of baryonic matter. To account for
baryon density oscillations a "shape parameter"

r

is introduced, simply replacing q( k)

by [145],
q
2

k
(k)- fhMpc- 1 '

We absorb the superhorizon evolution into P(k); see Ref. [142] for a discussion.
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(3.9)

where [ 146],
(3.10)
and

nb is the ratio of the baryon density to critical density.
While the Press-Schechter formalism is remarkably successful in its comparison to

numerical simulations ([113, 147, 148]), it has proven to be most powerful as a basis
for a phenomenological approach to modeling galaxy cluster counts. One extension to
the formalism takes into account non-sphericity of collapsing objects. Sheth, Mo and
Tormen (SMT) developed a modified PS procedure [147] which, allowing for ellipsoidal
collapse, introduces new model parameters which are fittoN-body simulations. In the
SMT model, the mass function is given by

::~fie~:~ (1 + (a:')P) exp (~a~'),

(3.11)

where v = [Jc (z) / (]' (M), and the best fit for the parameters a, c and p assuming a
standard ACDM cosmology are a= 0.707, c = 0.3222, p = 0.3 [147]. (By comparison,
in the PS model, a= 1, c = 0.5 andp

3.1.2

= 0.)

Relating Measured Flux to Cluster Luminosity and Mass

The Press-Schechter formalism and its extensions reviewed above predict the statistical distribution of massive collapsed objects in the universe as a function of their
masses and redshifts. On the other hand, telescopes do not directly measure cluster
masses, but rather the flux and perhaps the spectrum of light emitted by those clusters in
some frequency band as observed on or near Earth. In order to relate the mass function
(3.11) to observational quantities, it is necessary to understand the relationships between
the mass of a cluster and observational data. In this section we describe how properties
of X-ray clusters are related to one another, and how those properties are then compared
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with observations.
On average, hydrodynamical models which yield simple scaling relations between
cluster mass and cluster temperature (theM- T relation) have been proven reasonably
successful in comparison with numerical simulations [141, 149]. On the other hand, the
relation between the temperature and X-ray luminosity (the L - T relation) of clusters
is sensitive to more complicated physics such as cooling mechanisms and the density
profile of the intracluster gas, and is fit by cluster data. Furthermore, it is now commonly
accepted that the L- T relation has evolved as the composition of radiating cluster gases
has evolved [131].
There are at least two sensible notions of cluster temperature, so it is important to
be precise in terminology. From here on when we refer to a cluster's temperature, T,
we will mean the temperature of the baryonic gas in the cluster, as is directly measured
from the spectrum of light emitted by the gas in the cluster. We model the cluster gas
as isothermal, which may not be that good an approximation for actual clusters [150],
although predictions for number counts are not that sensitive to this assumption [141].
Another notion of cluster temperature is determined by the velocity dispersion of the
dark matter particles,

CJ

2

=

(v 2 ), where the velocity vis measured in the rest frame of

the cluster and the brackets denote the statistical average over dark matter particles. If
typical dark matter particles have a mass mD, then the quantity TD - mDCJ 2 /kB is a
measure of the temperature of the dark matter in the cluster, where kB is Boltzmann's
constant. Generally TD is not directly related toT, as the dark matter is not expected
to be in equilibrium with the baryonic matter. However, it is often assumed that these
temperatures are similar, or at least proportional to one another, after which a scaling
relation between cluster temperature and cluster mass follows.
For an isothermal spherical cluster of dark matter, the density p and velocity dis-
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persion CJ scale with distance from the cluster center r as [151]:
(3.12)
with Newton's constant G N. As mentioned earlier, the assumption of isothermality may
not accurately describe the density profile of the halo, which is a subject of intense study.
A phenomenological density profile which fits better simulations is given by the model
of Navarro, Frenk and White (NFW) [152, 153], in which the density profile takes the
form,
(3.13)

where Ps and rs are model parameters. In the current analysis we assume the isothermal
profile, Eq. (3.12), for easier comparison to analytic approximations of scaling relations
in the literature.
By considering the evolution of spherical density perturbations, one can estimate
the density of objects which had just virialized at redshift z. The density of virialized
objects may be written in terms of .6.(z), the ratio of the cluster density to the critical
density,

Pcrit =

3H2 /8nG. Assuming unclustering dark energy, and ordinary CDM, a

useful analytic approximation to .6.(z) was given in Ref. [154] for fiat ACDM cosmologies:
(3.14)
where D1 (z) is given by Eq. (3.1). A scaling relation between the velocity dispersion
and the cluster mass is obtained by approximating the mass of a spherical cluster which
virialized at redshift z to the mass obtained by integrating Eq. (3.12) to a radius such
that the mean density is given by

Pcrit

.6.(z), with the result [154],
(3.15)
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Here, H(z) is the redshift-dependent Hubble parameter, Eq. (3.5). Assuming the baryonic gas in a cluster has temperature proportional to the dark matter velocity dispersion
2
0" ,

it follows that the cluster temperature, T, scales with cluster mass, M, and redshift,

z, as in Eq. (3.15):
(3.16)
In practice, simulations are used to determine the constant of proportionality T 15 defined
through [120],
(3.17)
where Dt(z) is given by Eq. (3.1), and M8 is the solar mass. The normalization factor
178 is approximately the overdensity of a just-virialized object (c.f Eq. (3.2) in the
linear model). 3
Different simulations determine a variety of values for T 15 , which leads to some
ambiguity as to the most accurate normalization for the M - T relation. Typical values
are T 15

~

4.8 keV and T 15

~

5.8 keV [154]. We do fits for various values of T 15 to

gauge the errors associated with the uncertainty in the M - T relation.
With a relation between cluster temperature and cluster mass in hand, the SMT
mass function, Eq. (3.11 ), can be used to determine how many clusters of a given ternperature are expected per unit volume of the sky as a function of redshift. However,
telescopes often have poor spectroscopic resolution, so that in many X-ray cluster surveys it is difficult to accurately determine cluster temperatures. Furthermore, telescopes
are unable to observe arbitrarily dim objects, i.e. they are flux limited. Hence, in order to
use the Press-Schechter formalism to predict observed number counts of galaxy clusters
[ 120, 155] define ~ ( z) as the contrast density with respect to the background density at redshift
z. As in Ref. [ 154], we are defining the contrast density with respect to the critical density, Pcrit =
3H 2 /8nG. This is the origin of the different scaling relations as written in Ref. [154] and in Refs. [120,
155]. Physically, they are equivalent, assuming an isothermal density profile.
3 Refs.
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it is still necessary to relate the cluster temperature to observed flux. Such a relationship
comes in the form of the elusive L - T relation [117, 131]. There are a number of
complications in predicting, and in making practical use of, the L - T relations which
appear in the literature: (i) Surveys often quote fluxes in some frequency band, not the
bolometric (i.e. total) flux. X-ray telescopes are sensitive to light with frequencies of
fractions of a ke V to tens of ke V, though not always in precisely the same frequency
band. (ii) The measured frequency band is specified in the telescope's reference frame,
so redshifting of the sources affects the fraction of the total luminosity observed in the
specified frequency band. (iii) There is some scatter in the L - T data (from which
L - T relations are fitted), which is due in part to a complicated cooling process that
takes place in many clusters in the central region of the cluster gas [117]. As a result,
when possible, some surveys remove the central cooling regions when inferring X-ray
luminosities, and some do not. (iv) In addition, there is relatively strong evidence that
the L- T relation has evolved over time [131] due to changing cluster environments.
(v) Furthermore, when inferring luminosities of distant objects from measured fluxes a
particular cosmology must be assumed, and the assumed cosmology may differ from
one quoted evolving L - T relation to another.
In this paper we focus on the recent 400d ROSAT survey [133], so we will make use
of published L- T data most easily compared to the cluster luminosities as presented by
the 400d survey. In particular, the 400d survey quotes X-ray fluxes in the 0.5-2 keV band
including the central cooling regions. We begin with the L - T relation determined by
Markevitch [117] from 35 local (z < 0.1) clusters. The fitted power law L - T relation
takes the form

T

local

Lo.l-2.4 = A6 ( 6 keV )

B

'

(3.18)

with A 6 = (1.71 ± 0.21) 1044 h- 2 erg s-1, and B = 2.02 ± 0.40, where cooling flows
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were not removed when inferring either luminosities or temperatures [117].
To study the redshift dependence of the L - T relation, Vikhlinin, et al. [131]
measured the X-ray temperature and fluxes of 22 clusters at redshifts 0.4 < z < 1.3
and with temperatures between 2 and 14 keV. The luminosity L inferred from the flux

F depends on the assumed cosmology via,
(3.19)
so the observed redshift dependence of the L - T relation depends on the cosmology.
The K-correction K(z) will be discussed below. The luminosity distance, d£, is given
by,

dL(Dm, z)

rz

=

cdz'
(1 + z) Jo H(z').

(3.20)

The integral is the comoving distance between the source and the telescope. The extra
factor of ( 1 + z) 2 in d'i accounts for the decreased energy per photon from redshifting of
the source, and the decrease in frequency between photon arrival times, as the universe
has expanded. To correctly interpret the luminosity evolution in different cosmologies,
Eq. (3.18) should be modified, assuming power law evolution, with the reference cosmology factored out:
LoJ-24

=A,

( 6 ~V)

8

(3.21)

Vikhlinin, et al. found that assuming a

a

=

0.6

± 0.3.

nm

=

1,

nA

=

0 reference cosmology,

It is important to stress that a nonvanshing power a does not in itself

imply an evolution of cluster properties, because a is cosmology dependent. However,
assuming a more realistic

nm

larger power, an==o. 3 = 1.5

= 0.3, D. A= 0. 7 reference cosmology leads to a still

±

0.3 [131]. Hence, it seems difficult to argue that the

inferred luminosity evolution is due to a mistaken assumption about the cosmological
expansion rate. We also note that other surveys find similar results. For example, the
XMM Omega project determined a= 0.65

± 0.21
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[120].

We need to be able to convert between frequency bands both as a result of the redshifting of the spectrum, and in order to compare measurements of surveys in different
frequency bands. From Eq. (3.21), we can infer a similar relation for the luminosity in
the 0.5-2 keV band (as appropriate for the 400d survey) in the cluster rest frame if we
know the X-ray spectrum. The difficulty is that spikes in the spectrum from atomic excitations contribute significantly to the flux, so some understanding of the components
of the cluster gas is necessary to accurately convert luminosity in one frequency band
to luminosity in another frequency band. A popular and accurate model is the optically thin plasma model of Mewe, Kaastra, Liedahl, and collaborators [156, 157], the
so-called Mekal model. The Chandra Interactive Analysis of Observations (CIAO) software package [158] contains code for the purpose of converting spectra between bands
and between reference frames, and includes packaged spectral models. The REFLEX
cluster survey has also tabulated conversion factors between luminosities in various frequency bands [136] as a function of temperature, for easy comparison of cluster data to
structure formation models without necessitating installation of the CIAO software.
We assume that the luminosity evolution parametrized by the (1 + z)a dependence
in Eq. (3.21) is uniform across the spectrum, so that the same power o: will describe
evolution of the 0.1-2.4 ke V L- T relation as in the 0.5-2 keV L- T relation. As a test
of this assumption we studied the z > 0.4 cluster data by Vikhlinin et al. [131], which
includes measurements of flux in the 0.5-2 keV band and bolometric flux. We checked
that Vikhlinin et al. 's fit of o:

~

0.6 is valid both with their measured bolometric fluxes

and fluxes in the 0.5-2 keV band. For our fits we use,
o:

0.6 (with an Dm

=

1 reference cosmology)

1.06 (for the 0.5- 2 keV band)
2.02
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(3.22)

as the parameters in Eq. (3.21).
The final factor required to compare intrinsic luminosity to measured flux is the
K-correction. The K-correction converts from the luminosity in a specified frequency
band in the rest frame to luminosity in the same frequency band in the lab frame, as per
Eq. (3.19). The K-correction for a source at redshift z in the frequency band (!1 , h) is
given by,

12 df Pr(f)
K (T z) = -...:...:11'-----:---'
Jh(l+z) df P, (J)'

J

h(l+z)

:J

(3.23)

T

where Pr(f) is the rest frame spectral distribution for an X-ray cluster with temperature
T, as a function of frequency

f.

For example, the measured flux Fin the 0.5-2 keV

band from a cluster at redshift z with rest frame luminosity £ 0 . 5 _ 2 and temperature Tis
given by,

F

=

r2(1+z) df
Jo.S(l+z) :J

Lo.s-2

4ndL(Dm, z)2

p, (!)
T

J~ 5 df Pr(f)

(3.24)

The K-corrections are not strongly temperature dependent except at the low end of typical cluster X-ray temperatures, and a simple power law spectrum,
(3.25)
with index n

=

0.5, is found to give a reasonable fit in the relevant frequency bands

[159]. A comparison of the K-corrections from the simple power spectrum and from
more precise plasma spectra can be found in Ref. [159], or from the documentation
for the Sherpa module of the CIAO software [160]. Since one of our goals is simplicity in comparison of models of new physics to cluster data we will assume the simple
power spectrum in our fits. One should keep in mind, however, that without much more
difficulty more accurate K-corrections can be obtained using available software.
Finally, in order to predict the number of observed clusters it is necessary to know
the probability of the given telescope detecting a cluster with a given flux. The selection
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function measures this probability, and depends on the particular survey. The selection
function is often presented as an effective sky coverage area as a function of flux, but
can easily be converted to a detection probability. The ROSAT 400d survey contained a
geometric survey area of Ageo

=

446.3 deg 2 [133]. The selection probability is obtained

from their tabulated effective sky coverage,
p

sel

(j)

Aef f

(f) as a function of flux f, via,

= Aeff(f)
A
geo

·

(3.26)

We are now prepared to calculate the number of clusters we expect to see in an area
of the sky per unit redshift, for a given telescope flux limit. The mass function Eq. (3.11)
gives the distribution of clusters as a function of mass and redshift. We convert mass
to temperature using theM- T relation, Eq. (3.17); and then temperature to measured
flux in the appropriate frequency band using the L- T relation, Eq. (3.18), K-corrected
as in Eq. (3.23), with parameters specified by Eq. (3.22).

3.2

Dimming Mechanisms and Cluster Counts

3.2.1

CKT photon loss mechanism

As an example of a dimming mechanism we will study the possibility of photon
loss due to photon-axion oscillations (the CKT model [125-127]) as hypothesized by
Csaki, Kaloper and Terning. We first note that both cluster counts and Type Ia supernova
surveys extend to comparable redshifts z .2:, 1. Hence, if the parameters of the CKT
model are chosen so as to affect the interpretation of the supernova data, as in [125127], then the same dimming mechanism will have an affect on flux limited cluster
surveys.
The CKT model assumes an axion-like interaction between a pseudoscalar field
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¢( x) and the electromagnetic field of the form,

Lint

M

=

1
LC2

¢ E · B,

(3.27)

where the dimensionful scale ML governs the strength of the interaction.
There is significant evidence for an intergalactic magnetic field (IGMF), although
little is known about its uniformity in magnitude and direction [161]. The typical magnitude of the IGMF is estimated to be 10- 9 Gauss, and it is typically assumed that the
field is coherent to about Laom

1 Mpc. In a background magnetic field the photon-

rv

axion interaction, Eq. (3.27), gives rise to a mixing between the axion ¢and the electric
field. This mixing causes oscillations just as mixing between neutrino flavors leads to
neutrino oscillations. In the case of photon-axion oscillations there is one polarization of
the axion and two of the photon, so after traversing enough regions of randomly oriented
magnetic fields a beam of photons will become distributed equally among the three polarizations. Asymptotically, the intensity of light received from a distant astrophysical
object will be decreased by a factor of 1/3 (in the limit of infinite horizon size). As discussed in [125-127], this effect is approximately described by the following expression
for the probability of a photon to remain a photon after traversing a comoving distance

r(z):
(z)

p
"(->"(

~

2+_
1 e-r(z)/Ldec
_
3 3
)

(3.28)

8 n2 c6 M 2
L
3 Laom IBI2.

(3.29)

where,
L

=dec

The existence of a dimming mechanism like photon-axion oscillations would modify
the interpretation of cluster counts. In particular, there would be a reduction in the
number of distant visible clusters in a flux limited observation. Dimming can also mimic
luminosity evolution, although photon-axion oscillations cannot explain the observed
luminosity evolution. The fact that a > 0 in Eq. (3.21) indicates that distant clusters
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appear more luminous than nearby clusters, while photon-axion oscillations would have
led to the opposite conclusion. If we had a theoretically predicted L- T relation, cluster
dimming would be accounted for by including a factor of P1 _,1 in the L - T relation,
which would become:
(3.30)
Similarly, the measured flux from a cluster in the 0.5-2 ke V band, which was given by
Eq. (3.24), would become,
(3.31)
However, since dimming mechanisms would mimic luminosity evolution, it is redundant
to include the factor P1 _,1 in Eq. (3.30) if the evolution specified by the parameter a is
fit to observations. It is a remarkable fact that, although dimming does affect the appearance of clusters in these surveys, all these effects are absorbed into the z-dependence of
the L- T relation. Thus, having measured this evolution, these surveys should determine the nature of dark energy independently of dimming. On the other hand, physics
which would affect the formation of structure rather than the appearance of clusters, can
be constrained with cluster counts without a theoretical understanding of the evolving
L - T relation.

Let us note here two important upshots of this fact: first, given a measured L - T
evolution, implications of cluster counts are independent of dimming while supernovae
clearly are not. Thus, as data sets expand, comparing these two will constrain any
anomalous dimming of supernovae. Secondly, distant clusters tend to be brighter than
they would have been in the absense of evolution. With a larger statistical sample of
x-ray clusters and a better theoretical understanding of L- T evolution, this alone may
be the strongest constraint on dimming mechanisms.
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3.3

Results
In this section we compare number counts found using the above model to the 400d

ROSAT survey [133]. The 400d survey identified 242 optically verified X-Ray sources
in the main survey. The search was done with a flux limit of 1.4 x 10- 13 erg s- 1 cm- 2
and with a geometric sky coverage of 446.3 square degrees. In order to compare our
theoretical number counts to ROSAT's data, we integrated redshift over a bin size of

.6.z

=

0.1. Since the 400d survey reported the error bars in their flux measurements,

we estimated the error bars on galaxy cluster number counts by counting how many
objects in a given redshift bin would lie below the flux limit when the measured flux is
shifted downward by one standard deviation. In the cases where an X-ray source lied
on the boundary of a redshift bin, it was counted in both of the adjacent redshift bins.
To account for the scatter in the M - T and L - T relations, we included a log normal
distribution in the effective L- M relation (L(M, z)):

, )_
PL (1n L , z -

1

J 27rO"lnL
2

[- (ln(L') -ln(L(M, z)))
exp
2
2(J"lnL

2
]
,

(3.32)

The effective selection probability Psel (M, z) of objects of mass M at redshift z is a
convolution of the survey selection function Psel (f) with the distribution in luminosities
inferred from the L- M relation PL(L, z):

_

Pse~(M, z) =

loo

PL(L', z)Psel

lnLx(z)

(

elnL'

d ( )2

)

dlnL',

(3.33)

47r L Z

where
(3.34)

is the lower limit on the luminosity at redshift z, corresponding to the flux limit fx of
the survey, and the argument of Psez is the flux expressed in terms of the luminosity
and luminosity distance. We compared the best fit values of various observables as the
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assumed scatter,

O"!n£,

varied from 0.3 to 0. 7 [141, 162]. The results are described below,

and can also be seen in Fig. 3.1 and Fig. 3.3.
The number of observed virialized objects in a redshift bin ~z

=

0.1 is then given

by integrating the mass function over objects, weighted by Psez(M, z):

N (> fx, z, ~z)

=

Ageo

1

z+.6.z

1+oo dz dM r(z)

z-.6.z

2

dr dN dM Psez(M, z),

d

(3.35)

Z

0

where Ageo is the geometric sky coverage in steradians and fx is the flux limit of the
survey, which feeds into Psez(M, z) as described above.
The comoving volume element per steradian is,

dV(z)

=

r(z) 2

(

d~:))

(3.36)

dz,

with

r(z)

=

c

t
Jo

dz'
H(z')'

(3.37)

and the Hubble parameter H(z) is given by Eq. (3.5).
It is important to ensure that the lightest mass virialized object included in N given

the assumed M - T and L - T relations is cluster sized and not smaller. Otherwise
N contains smaller objects which are not included in the survey. This constrains the
smallest z for which this formalism is valid. In our fits we only include clusters with
red shift z

~

.2. The lightest mass virialized object that could have been observed by

the 400d survey, with X-ray flux limit 1.4x 10- 13 erg/s/cm 2 , assuming Dm
h

=

0.3 and

= 0.73, is around M(0.2) = 1.6 x 1014 M 8 , which is cluster size.

3.3.1

Systematic Errors

The only errors included in our fits are an estimate of the uncertainty in low flux
cluster counts. There are in addition a number of theoretical uncertainties, some of
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which we studied by repeating our fits with different parameter choices. Larger normalizations of T 15 in Eq. (3.17) would lead to a prediction of brighter clusters, and
hence larger cluster counts. For a fixed data set, larger T 15 would then translate into
a measurement of less structure, corresponding for example to smaller Dm and/or as.
Similarly, a larger normalization for A 6 in Eq. (3.18) would imply brighter clusters,
with similar consequences to increasing T 15 . To examine the uncertainty in predictions
for cosmological and dimming parameters, we repeated our fits for typical determinations of T 15 from simulations, differing by as much as 20%. The uncertainty in A 6 is
effectively equivalent to an additional uncertainty in T 15 of around 5%. The power laws
used in the L - T and M - T relation also have associated errors, and it would be useful to perform a more complete error analysis. Another source of error is our assumed
power law spectrum used to calculate K-corrections, which is a worse approximation
for low-temperature clusters than high-temperature clusters, but we expect that this is
not a significant source of error. We have also checked that alternative redshift binning
of the data does not significantly change our results. To examine the effect of scatter on
our analysis, we reduced our assumed scatter from a 1nL

=

0.7 to 0.3 and found that the

predicted number counts were reduced by nearly a factor of two, as can be seen below.
This demonstrates the importance of correctly accounting for such statistical effects.

3.3.2

Flux Limited Cluster Counts for Standard Cosmology

Figure 3.1 shows our computed number counts and the 400d survey's observed
number counts versus redshift. Three curves were drawn for different values of Dm as,
with r = 0.2 and T 15 = 6 keV.
Larger normalizations for the L - T relation (T15 ) lead to smaller predicted values
of Dm and as. Reducing the assumed level of scatter in the effective L - M relation
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ROSAT Number Counts (r=0.2, T 15 .:::6 keV, o-1n L.=0.3, No dimming)
1000 ~~--~--~----..

!lm=0.3, a-1=0.9
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FIG. 3.1: Number Counts vs. Redshift without dimming
Number Counts versus redshift for different matter densities (Dm) and matter density
fluctuation amplitudes (0"8 ), without photon-axion oscillations, with different levels of
scatter in the L-M relation. The theoretical predictions correspond tor = 0.2 and
T15 = 6 keV. (a) O"!nL = 0.3. (b) O"!nL = 0.7.
leads to a decrease in the predicted number of dim objects observed. For a given set of
observations, reducing the assumed scatter would then lead to a larger inferred amount
of structure, i.e. larger
Dm

= 0.209 and

O"!nL =

O"s

0"8 •

For T15

= 0.923 with

= 6 keV and r = 0.2, the best fit shifts from

O"!nL

= 0.3 to

Dm

= 0.286 and

O"s

= 0.731 with

0.7.

Figure 3.2 shows our

x2 analysis for different values of T15 , rand O"!nL·

We only

include our estimated uncertainties in the 400d survey number counts in the statistics.
Notice that for values of r between 0.1 and 0.2 and T15 between 5 and 6 keV, there is
tension between our result and the best fit WMAP 3-year measurement. We are consistent with WMAP bounds if we assume large T15 , small r and large

O"!nL·

Our results

are similar to earlier studies [119-121], although Reiprich [123] has found that the HIFLUGCS cluster survey is in still better agreement with the WMAP 3-year [12-14]
and COBE 4-year data [163]. Flux limited cluster counts can also be used to constrain
other cosmological parameters, such as the equation of state parameter w (for example,
[110, 111]).
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h=0.73, r=0.1, l7'1nl=0.3, and ldec->oo
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FIG. 3.2: Confidence intervals for Dm and a 8
Confidence plot of Dm and a 8 for various choices of model parameters. The lines
represent 68%, 80%, 90%, and 95% confidence regions. (a) r = 0.1, a 1nL = 0.3. (b)
f = 0.1, alnL = 0.7. (c) f = 0.2, alnL = 0.3. (d) f = 0.2, alnL = 0.7

3.3.3

Ineffectiveness of Flux Limited Cluster Counts for Dimming
Mechanisms

As we mentioned earlier, we cannot use cluster counts to constrain dimming mechanisms. This is not to say that dimming mechanisms do not affect cluster counts; indeed,
dimming would lead to fewer clusters above the flux limit in any given survey. However,
the effect of dimming would only be through a modification of the observed evolution of
cluster luminosities, which is currently not well constrained theoretically. To gauge the
effect that photon-axion oscillations could have on cluster counts we can assume some
particular intrinsic L - T evolution, and examine the predicted number counts with and
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without oscillations. Figure 3.3 shows number counts versus redshift for different values
of Ldec, where Ldec = oo corresponds to no photon-axion oscillations and values of Ldec
as low as 30 Mpc correspond to roughly 1/3 of the light lost. The curves correspond
to Dm = 0.3 and

CJ8

= 0.9 with r = 0.1 and T15 = 6 keV. We assumed here that the

intrinsic luminosity evolution is specified by the parameters (3.22), although there is no
theoretical justification for this.
ROSAT Number Counts (f;;0.2, Hm=0.3, u 8:::0.9, T 15 =6 keV, CTJnL=0.3)

1000

ROSAT Number Counts (f;;0.2, 11m=0.3, o-8 :0.9, T 15 =:6 keV, o-1n L=0.7)
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FIG. 3.3: Number Counts vs. Redshift with dimming
Number Counts versus redshift for nm = 0.3 and CJs = 0.9 including axion oscillations
for a fixed intrinsic L-T relation, with different levels of scatter in the L-M relation. (a)
O"[nL = 0.3. (b) O"[nL = 0.7.
The fact that the observed luminosity evolution is used as input in this analysis
implies that the constraints on cosmological parameters from Section 3.3.2 are valid,
independent of any dimming mechanism. As a consequence, cluster constraints on the
equation of state parameter w can be compared with constraints from Type Ia supernova
surveys, which would be affected by dimming mechanisms, as in Refs. [125-127]. Such
a comparison would then provide a new test of the photon-axion oscillation model. It
would also be interesting to compare with other constraints on photon-axion oscillations,
for example from CMB spectral distortion [164, 165].
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3.3.4

Flux Limited Cluster Counts for Other Types of New Physics

Although we do not attempt further analyses here, flux limited cluster counts are
more suitable for constraining new physics that modifies structure formation as opposed
to the apparent luminosity of clusters. There are many well-known examples of such
possible new physics. These include possible new interactions in the dark sector and
new light species that would wash out structure. Cluster surveys would also be useful in
constraining such phenomena as late time phase transitions in the dark sector and other
aspects of possible new gravitational dynamics. It would be straightforward to build
these types of new physics into the formalism described above.

3.4

Significance of Future Cluster Surveys
It is important to recognize that studies of cluster evolution, while already interest-

ing, will continue to develop. In this section, we briefly mention some future approaches
that will enhance our knowledge of cluster growth, and note the impact of dimming. In
particular, Sunyaev-Zeldovich (SZ) surveys such as the South Pole Telescope (SPT)
[166] or the Atacama Cosmology Telescope (ACT) [167] will establish catalogues of
clusters which are unbiased in redshift - a crucial element difficult to achieve with Xray surveys. The Dark Energy Survey (DES) [168] will take advantage of the SPT
survey, and include photometric redshifts, as well as lensing measurements of cluster
masses, and other, independent tests of cosmology. The Large Synoptic Survey Telescope (LSST) [169] will provide masses of a huge set of clusters via weak lensing tomography. Future x-ray surveys can expand tremendously the statistics and knowledge
of many of the uncertainties described in earlier sections, in particular the evolution of
cluster properties [170].
One of the key difficulties in using X-ray surveys to extract cosmology, especially
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within the present context of photon-axion oscillations, is the indirect, and uncertain
relationship of luminosity to temperature and temperature to mass. Future studies will
mitigate these issues.
SZ surveys will be a tremendous source of new information in the near future. For
a review, see [171]. The SZ effect is a decrement ~Tin the CMBR given by the line of
sight integral
(3.38)
where ar is the Thomson cross section, me is the electron mass, ne is the electron
number density and Te is the electron temperature. Clusters, with masses in excess
of 1014 M 8 , have sufficient gas densities and temperatures that large scale surveys are
possible. The key feature of the SZ effect is the perturbation of the CMBR which is
independent of redshift, and thus allows for a cluster sample, without concern of the
selection issues associated with luminosity-weighted X-ray surveys described in earlier
sections.
The SZ effect is not proportional to mass alone, but to the electron pressure. Extracting the mass is a challenge, and of vital importance if these surveys are to provide precision limits on cosmology [172-174]. Techniques can involve self calibration
[173, 175-177], measurements of the cosmic shear (as in the DES or LSST), or complementary measurements of the cluster x-ray temperature.
As already noted, microwave studies, such as SZ surveys, should not be impacted
by dimming mechanisms. Hence, the appearance and properties of clusters within such
experiments should be a robust test of the dark energy properties. Similarly, surveys
employing weak lensing will also determine mass and redshift properties will also be
insensitive. Supernovae, on the other hand, acting as standard candles, are clearly impacted. As a consequence, studies of cluster growth are key tools of cosmology and
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measure a quantity distinct from that of supernovae, quite in the way envisioned by
Wang, et al [124].

3.5

Chapter 3 Summary
We have reviewed some of the current models of structure formation and galaxy

cluster dynamics relevant for comparing cluster surveys with models of particle physics
and gravity. We compared predictions in the standard ACDM cosmology to the 400
Square Degree ROSAT galaxy cluster survey, and found that, with a relatively large
assumed scatter in the relation between cluster mass and temperature, our analysis is
consistent with the WMAP 3-year data. Earlier analysis of the HIFLUGCS cluster survey indicates even better agreement with CMB data [123].
We studied a model of cluster dimming by photon-axion oscillations, and found
that a better theoretical understanding of cluster luminosity evolution is required before
firm conclusions could be drawn regarding dimming mechanisms using cluster data. In
particular, improvements in theoretical models and experimental measurements of the
evolution of the luminosity-temperature relation may provide an important test of such
mechanisms in the future. Moreover, we noted that the cosmological parameters extracted from cluster count surveys are independent of dimming mechanisms, given the
measured L - T relation, in contrast to supernovae, and thus provide an independent
test of such models. This suggests that such surveys should be folded into analyses such
as [124] in order to additionally constrain them. Although cluster counts are insensitive
to dimming mechanisms, it is possible to impose relatively strong constraints on models
of new physics that would affect structure formation as opposed to cluster appearances.
This includes any physics that would alter the overall expansion rate of the universe, the
existence of light species that would help to wash out structure, and additional interac-
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tions in the dark sector that could either encourage or inhibit the growth of structure.
The effects of new physics on structure formation can straightforwardly be built into the
Press-Schechter formalism.
The simple models that enter our fits rely on comparison to numerical simulations
for justification, and deserve to be scrutinized. For example, a higher than typical normalization T15 in the M - T relation, while not justified by simulations, could bring our
fits still better in line with the WMAP 3-year data. Also, the level of scatter in the L- T
and M - T relations deserves to be better analyzed, since a high assumed scatter brings
our fits better in line with the WMAP fits. Despite the remaining uncertainties in this
formalism, galaxy cluster surveys are increasingly ripe for their utilization in constraining new physics. Upcoming Sunyaev-Zel'dovich and weak-lensing cluster surveys hold
the promise of a better determination of the cluster mass function, and should help to
eliminate some of the current uncertainties in these techniques.
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CHAPTER4
Conclusions
The Standard Model of Particle Physics has been tested to a high degree of accuracy
and has successfully predicted phenomena such as the ratio of the W and Z masses, the
weak and charged current structure, and precision electroweak corrections [178]. It
also predicts the existence of the Higgs boson that is currently being searched for in
high energy accelerators [178]. However, due to issues such as the hierarchy problem,
it is hard to believe that it is the correct description of nature all the way up to the
Planck scale. It therefore seems natural to assume that new physics will appear in future
experiments.
One of the suggested extensions to the Standard Model postulates the existence of
extra spatial dimensions. We considered warped extra dimensions and found that a UV
completion of gauge theories in the Randall-Sundrum model can be found in deconstructed theories. The warping of the fifth dimension can be reproduced by considering
a general potential with invariance under translations broken by boundary terms. The
mass spectrum of the link and gauge fields were found to mimic the first couple of Randall Sundrum modes and then quickly deviate. This provides a way of distinguishing
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new physics due to warped extra dimensions from that of an underlying theory space
in future collider experiments. We also found that in the theory space of Abelian supersymmetric theories, supersymmetry is broken by the generation of a cosmological
constant. The spectrum remains supersymmetric unless the theory is coupled to gravity
or an additional messenger sector, however the scale of supersymmetry-breaking due to
messenger fields is supressed compared to gravity mediation.
The Randall-Sundrum model was then extended by adding another slice of warped
space to the original theory. We found that a gravitational spectrum can be produced
that is a hybrid between Randall and Sundrum's finite and infinite extra dimensional
models. This spectrum is continuous with resonances located at the Kaluza-Klein graviton masses of the finite Randall-Sundrum theory. By cutting off the space and adding
SU(2)L x SU(2)R x U(l)B-L gauge fields to the bulk, we found that the hybrid model
can break electroweak symmetry without a Higgs in the spectrum. Parameters can be
found in this model that lower the S parameter by as much as 60% compared to the
standard Higgsless theory.
We reviewed the Press-Schechter formalism of structure formation and discussed
the possibility of constraining new physics with galaxy cluster surveys. We found that
for a large scatter in the luminosity-temperature relation, the cosmological parameters
favored by galaxy cluster counts from the 400 Square Degree ROSAT survey are in
agreement with the values found in the WMAP-3 year analysis. We also found that
current X-Ray surveys are not able to constrain new physics that produce a dimming
mechanism since a model of cluster luminosity evolution does not currently exist. However, future surveys of galaxy cluster formation may provide a way of obtaining cluster
number counts independent of luminosity evolution. These future observations therefore provide a promising avenue for constraining dimming mechanisms due to physics
beyond the Standard Model.
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